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1. [7 marks] (� 10 minutes)

De�ne f(n) by:

f(n) =

8>>>><
>>>>:

1 if n = 0

3 if n = 1

9 if n = 2

f(n� 1) + 3f(n� 2) + 9f(n� 3) if n > 2

De�ne P (n) : f(n) = 3n. Use complete induction to prove 8n 2 N; P (n). Be sure to introduce names, hypothesis,

and all necessary cases. Also be sure to indicate when you use an inductive hypothesis, and why you are justi�ed

in using it.

sample solution: Proof by complete induction that 8n 2 N; f(n) = 3n.

inductive step: Let n 2 N. Assume

i=n�1^
i=0

f(i) = 3i. I will prove that P (n) follows, that is that f(n) = 3n.

case n � 3: Then

f(n) = f(n� 1) + 3f(n� 2) + 9f(n� 3) # by de�nition, since n > 2

= 3n�1 + 3(3n�2) + 9(3n�3)

# by P (n� 1); P (n� 2); and P (n� 3); n > n� 1 > n� 2 > n� 3 � 0

= 3n�1 + 3n�1 + 3n�1 = 3n

So P (n) follows in this case.

base cases n < 3: By de�nition, f(0) = 1 = 31, f(1) = 3 = 31, and f(2) = 9 = 32, so P (n) holds in these cases.

So P (n) holds in all possible cases.

never, ever, write below this line...
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2. [7 marks] (� 20 minutes) Use contradiction and the Principle of Well Ordering to prove that there are no positive

integers x; y; z; w such that x4+3y4+9z4 = 27w4. Be sure to make it clear when you introduce any assumption(s),

where you use the Principle of Well Ordering, and where you think you have derived a contradiction. You may

assume, without proof, that 8p; k 2 N, if p is prime and p j k4, then p j k.

sample solution: Proof by contradiction and well-ordering that 8x; y; z; w 2 N+; x4 + 3y4 + 9z4 6= 27w4.

Assume, for the sake of contradiction assume the negation, that 9x; y; z; w 2 N+; x4 + 3y4 + 9z4 = 27w4. By

this assumption I can construct a non-empty set X = fx 2 N+ j 9y; z; w 2 N+; x4+3y4+9z4 = 27w4g. Since

X is a non-empty subset of N, it has a smallest element. Let x0 2 N
+ be the smallest element of X, with

corresponding y0; z0; w0 2 N
+ such that x40 + 3y40 + 9z40 = 27w4

0. Then

x40 + 3y40 + 9z40 = 27w4
0 ) x40 = 27w4

0 � (3y40 + 9z40)

) 3 j x40 ) 3 j x0 # since 3 divides RHS and allowed assumption

Let x1 2 N
+; 3x1 = x0 ) 81x41 = 27w4

0 � (3y40 + 9z40)

) 27x41 = 9w4
0 � (y40 + 3z40)) y40 = 9w4

0 � (3z40 + 27x41) # divide by 3

) 3 j y40 ) 3 j y0 # since 3 divides RHS and allowed assumption

Let y1 2 N
+; 3y1 = y0 ) 81y41 = 9w4

0 � (3z40 + 27x41)

) 27y41 = 3w4
0 � (z40 + 9x41)) z40 = 3w4

0 � (9x41 + 27y41) # divide by 3

) 3 j z40 ) 3 j z0 # since 3 divides RHS and allowed assumption

Let z1 2 N
+; 3z1 = z0 ) 81z41 = 3w4

0 � (9x41 + 27y41)

) 27z41 = w4
0 � (3x41 + 9y41)) 3x41 + 9y41 + 27z41 = w4

0 # divide by 3

) 3 j w4
0 ) 3 j w0 # since 3 divides LHS and allowed assumption

Let w1 2 N
+; 3w1 = w0 ) 3x41 + 9y41 + 27z41 = 81w4

1

) x41 + 3y41 + 9z41 = 27w4
1 # divide by 3

So x1 2 X and x0 = 3x1 > x1 �! � Contradiction, x0 is the smallest element of X. Since assuming

9x; y; z; w 2 N+; x4 + 3y4 + 9z4 = 27w4 yields a contradiction, that assumption is false and:

8x; y; z; w 2 N+; x4 + 3y4 + 9z4 6= 27w4

never, ever, write below this line...
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3. [7 marks] (� 20 minutes) De�ne T as the smallest set such that:

(a) () 2 T

(b) If t1; t2 2 T , then (t1t2) 2 T

Some examples of elements of T are (), (()()), and ((()())()). For t 2 T , de�ne left(t) as the number of ( characters

in t. De�ne:

P (t) : left(t) is odd.

Use structural induction to prove 8t 2 T ; P (t). Be sure to indicate the cases you present, when you introduce

names, where you introduce assumptions, and when you have derived a conclusion.

sample solution: Proof by structural induction that 8t 2 T ; left(t) is odd.

basis: Let t = (). Then left(t) = 1 = 2� 0 + 1, an odd number. So P (t) holds.

inductive step: Let t1; t2 2 T and assume P (t1) and P (t2). Let j; k 2 Z such that left(t1) = 2j+1 and left(t2) = 2k+1.

Let i 2 Z; i = j + k + 1. I will show that P ((t1t2)) follows, that is left((t1t2)) = 2i+ 1, an odd number.

left((t1t2)) = 1 + left(t1) + left(t2) #exactly one new ( added

= 1 + (2j + 1) + (2k + 1) # by P (t1) ^ P (t2)

= 2(j + k + 1) + 1 = 2i+ 1

So P ((t1t2)) follows in this case.

never, ever, write below this line...
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