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http://www.teach.cs.toronto.edu/~heap/236/F18/
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term test #1 will be during your Friday tutorial time... rooms to be announced... 3 practice tests under
week 5 on the course web site...
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n:        0      1      2     3     4     5       6       7       8
f(n):    2      7      11   25   47   97     191  385   7???
conjecture: f(n) < 2^{n+2}
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Prove by complete induction that \forall n \in \N, P(n).

Let n be an arbitrary natural number. Assume P(0) and ... and P(n-1). I will show that P(n) follows, that
is f(n) < 2^{n+2}. 

case n>=2: f(n) = 2f(n-2) + f(n-1) # by definition, since n>= 2
                             < 2x2^n + 2^{n+1} # by P(n-2) and P(n-1), since n-1>n-2>=0
                              = 2x2^{n+1} = 2^{n+2}
so P(n) follows in this case.

base case n < 2: f(0) = 2 < 4 = 2^{0+2}, and  f(1) = 7 < 8 = 2^{1+2}, so
                             P(n) holds in these cases.
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n:         0       1       2       3       4       5       6       7       8       9      10
F(n):    0       1       1       2       3       5       8       13     21    34     55
sum:    0       1       2      4       7       12     20     33     54

conjecture: F(0) + ... + F(n) = F(n+2) - 1
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P(n): F(0) + ... + F(n) = F(n+2) - 1

Prove by simple induction that \forall n \in \N, P(n).

base case, n = 0: Then F(0) + ... + F(0) = F(0) = 0 = 1 - 1 = F(0+2) - 1. So P(0) holds.

Let n be an arbitrary natural number. Assume P(n). I will show that P(n+1) follows.
F(0) + ... + F(n) + F(n+1) = [F(0) + ... + F(n)] + F(n+1)
                                             = F(n+2) - 1 + F(n+1)  # by P(n)
                                             = F(n+3) -1 = F(n+1+2) - 1 # by definition, since n>=0 => n+3>=2
So P(n+1) follows in this case.
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n:     0     1     2     3     4     5     6     7      8       9      10
F(n):0      1    1     2      3    5     8      13   21    34     55

P(n): F(3n) is even

Proof by simple induction:

base case: F(3x0) = F(0) = 0 = 2x0, so P(0)  holds.

inductive step: Let n be an arbitrary natural number.  Assume P(n), that is F(3n) is even. We want to show
that P(n+1) follows, that is F(3(n+1)) is even. Let j \in \Z be such that F(3n) = 2j.  Let k = j+F(3n+1).  
We will show that F(3n + 3) = 2k.

So F(3n + 3) = F(3n+1) + F(3n+2) # by definition, since 3n+3>=2
                      = F(3n+1) +  F(3n) + F(3n+1) # by definition, since 3n+2>=2
                      = 2F(3n+1) + 2j # by P(n) and choice of j
                      = 2k
So P(n+1) follows
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Prove that \forall n \in \N, P(n)
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r_1^n = r_1^{n-1} + r_1^{n-2}  ==> ar_1^n = ar_1^{n-1} + ar_1^{n-2}      # matches  recursive def
r_2^n = r_2^{n-1} + r_2^{n-2}  ==> br_2^n = br_2^{n-1} + br_2^{n-2}      # matches  recursive def
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==> \alpha = 1/(r_1 - r_2)
          \beta = -1/(r_1 - r_2)
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maybe f(n) is something like a linear combination of some geometric series... any such geometric would
have to obey r^n = r^{n-1} + 2r^{n-2}  => r^2 = r + 2 ==> r^2 - r - 2 = 0
r_1 = 2                                      r_2 = -1

a(2)^0 + b(-1)^0 = 2 ==> a + b = 2 ==> a = 2 - b
a(2)^1 + b(-1)^1 = 7 ==> 2(2-b) - b = 7 => 4 - 3b = 7 => b = -1, a = 3

f(n) = 3(2)^n - (-1)^n 
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