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a1 due this Friday at 3... office hours MW 2:30--4:30, F 1:00--3:30...

Extra office hours: Thursday noon--5 in BA2230 (various course TAs)
                                 Friday 1--3 (me and a course TA)
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basis

inductive step
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x \in E                    1 variable, 0
(x+x) \in E             2 variables, 1 operator
((x+x)+x) \in E     3 variables, 2 operators
(((x+x)+x)-y)        4 variables, 3 operators

conjecture? vr(e) = op(e) +1
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Proof by structural induction.

basis: Let a \in {x, y, z}. Then a has one variable (itself) and 0 operators, so vr(a) = 1 = 0 + 1
= op(a) + 1. So P(a) holds. 

inductive step: Let e_1, e_2 \in E.  Let @ \in {+, -, x, /}. Assume P(e_1) and P(e_2).  We will show
that P((e_1@e_2)) follows, that is vr((e_1@e_2)) = op((e_1@e_2)) + 1.

vr((e_1@e_2)) = vr(e_1) + vr(e_2)  # haven't changed any variables
                         = [op(e_1) + 1 + op(e_2)] + 1   # by P(e_1) and P(e_2)
                         = op((e_1@e_2)) + 1                   # since (e_1@e_2) has 1 more operator
So P((e_1@e_2)) follows.  
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how nested elements are

x                                   1 variable,  height 0
(((x*y)-(z*x))+((y*z)-(x*y)))    2 variables, height 1
                                                   4 variable,  height 2
                                                   8 variables, height 3

conjecture: vr(e) <= 2^{h(e)}
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Proof by structural induction.

basis: Let a \in {x, y, z}. Then a has one variable, and height of 0.  So vr(a) = 1 <= 1 = 2^{h(a)}, and P(a)
holds.

inductive step: Let e_1, e_2 \in E.  Assume P(e_1) and P(e_2). Let @ \in {+, -, *, //}.  We will show that
P((e_1@e_2)), that is vr((e_1@e_2)) <= 2^{h((e_1@e_2))}.

vr((e_1@e_2)) = vr(e_1) + vr(e_2)    # didn't change variables
                         <= 2^{h(e_1)} + 2^{h(e_2)}  # by P(e_1) and P(e_2)
                         <= 2 * 2^{max(h(e_1), h(e_2))} = 2^{max(h(e_1), h(e_2)) + 1}
                         = 2^{h((e_1@e_2))}
So P((e_1@e_2)) follows.
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NB: notice that we construct set R of natural numbers that is connected to pairs (q, r)

15//6 = 2        15%6=3                            15\div 6 = 2R3
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open interval (0, 1) \subseteq R

{1/n : n \in \N^+}

won't prove part 2. --- it requires neither well-ordering nor induction
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Let m \in \N. Let n \n \N-{0}.  Let R = {r \in \N : \exists q \in \N, m = qn + r}. Then m \in R, with corresponding
q = 0, so R is non-empty. Then, by PWO, R has a smallest element.  Let r' be the smallest element of R, with
corresponding q', so m = q'n + r'.

Then r' < n.  In order to see this, suppose (for the sake of contradiction) that r' >= n.

Then r'-n >= 0, so m = q'n + r' = (q'+1)n + (r'-n) and r'-n >= 0.
Then r'-n \in R, but ooops r'-n < r' -----------><------------- contradiction!!!!! r' is smallest element of R

Assuming r' >= n leads to a contradiction, so that assumption is false.
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T>D>C>I>G>T T>T   ???!!?

T>D>T   ????
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Let T be a tournament with n>=3 contestants.  Assume T has at least one cycle.
Let C = {c \in \N-{0, 1, 2} : c is the length of a cycle in T}. C is not empty, since we have
assume that T has at least one cycle. By PWO C has a least element.  Let c' be the smallest
element of C.

For sake of contradiction assume that c' is not equal to 3. Since there are no 0-, 1-, or 2- cycles,
this means assuming that c'>3.

Then we have a cycle p1>p2>p3>...p_{c'} > p1.
There are 2 cases to consider: either p1>p3 XOR p3>p1
case p1>p3: Then there is a cycle p1>p3>....p_{c'}>p1, of length c'-1 ----><---- contradiction,
                                                                                                                  c' is the shortest length
case p3>p1: Then there is a cycle p1>p2>p3>p1, of length 3 ----><----- 3 < c'

In both possible cases there is a contradiction.
Assuming c'>3 leads to a contradiction, so that assumption is  false.
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Define RxR as the smallest set such that

1.  (0, 1) and  (1, 0) \in RxR
2. if v_1, v_2 \in RxR and x_1, x_2 \in R, then
     x_1*v_1 + x_2*v_2 \in RxR


