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http://www.teach.cs.toronto.edu/~heap/236/F18/
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open season: when I last checked there were a few enrollment spots open
--- second tutorial exercise now posted
--- office hours today, Wednesday 2:30--4:30 in BA2230, Friday 1:30--3:30, same place
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unique prime factorization theorem *follows* from this

2: 2
3: 3
4: 2x2
5: 5:
6: 2x3
7: 7
8: 2x2x2

9: 3x3
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���� ��� ����� ��� ���� what happens when n = 0? 
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f(0) = 1
f(1) = 1
f(2) = 3
f(3) = 3
f(4) = 15
f(5) = 15

f(6, ..., 15) = 15
f(16) = 255
conjecture time!
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Prove for all natural numbers n > 1, P(n)

inductive step: Let n be a natural number greater than 1. Assume P(2) and ... P(n-1).  I will show that P(n)
follows, that is f(n) is a multiple of  3.

There are two cases to consider: n < 4 and n >= 4.

case n >= 4. Notice that floor(sqrt(n)) is greater than 1 and less than n, since n >= 4 means sqrt(n) >= 2, also
                       n > 1, so n^2 > n, so n > sqrt(n). So I may use the assumption P(floor(sqrt(n))), in other words
                       f(floor(sqrt(n))) is a mutiple of 3. Let k be a natural number such that f(floor(sqrt(n))) = 3k.
                       So, f(n) = (3k)^2 + 2(3k), by definition, since n > 1. Thus  f(n) = 3(3k^2 + 2k), so P(n)
                       follows in this case.

base case n \in {2, 3}: So f(n) = 3 = 3x1, so P(n) follows in this case.

So P(n) follows in both possible cases. 
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f(0) = 1
f(1) = 2
f(2) = 3
f(3) = 5
f(4) = 8
f(5) = 13
f(6) = 21

f(n) = f(n-1) + f(n-2) if n >=2
                   f(0) = 1, f(1) = 2

b0  b1 b2 .... bn-1 1  ... f(n-1)
b0 b1 b2 ..... bn-2 1 0   f(n-2)

P(n): The number of zero-pair-free binary strings
         of length n is f(n).

First, an extra step, using a function f(n):
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Prove, by complete induction that for all natural numbers,
P(n).

Let n be a natural number. Assume P(0) ... P(n-1). I will show that P(n) follows, that is 
the number of zero-pair-free binary strings of  length n is f(n).

There are 3 cases to consider.

base case n = 0: There is exactly one binary string of length 0, that is "", and it has no pairs of zeros. So P(0)
                     follows.

base case n = 1: There are exactly 2 binary strings of length 1: "1" and "0", and neither of them have 
            adjacent zeros. So P(1) follows.

case n>= 2:  Partition the zero-pair-free binary strings of length n into those that end with a "1" and those that end 
                      with a "0". Those that end with 1 are simply those of length n-1 with a 1 appended, which 
                      changes nothing.  By P(n-1) there are f(n-1) of these, since 0 <= n-1 < n. Notice that those that
                      end in "0" must actually end in "10" in order to be zero-pair free.  By P(n-2) [since n >= 2]
                      we know  there are f(n-2) of these.  In total there are f(n-1) + f(n-2) = f(n) zero-pair-free 
                      binary strings of length n, so P(n) follows in this case.

P(n) follows in each of the possible cases.

      

P(n): The number of zero-pair-free binary strings
         of length n is f(n).



����� ������� ������ ������� ���� � ��� � �����
�������������
��� ��� �������� ��������� �������

����� �������������� �������������� �� ������� �� � �� ����

������

P(n): n can be expressed as a product of primes.

Prove by complete induction:
For all natural numbers greater than or
equal to 2,  P(n).

Let n be a natural number greater than 1.  Assume P(2) ... P(n-1). I will show that P(n) follows, that
is n can be expressed as a product of primes.

There are a couple of cases to consider: n is composite or n is not composite.

case n is composite: By definition, n  has a natural number factor f1 with 1 < f1 < n. Let f2 = n/f1, an
integer, since f1 is a factor.  Since f1 < n, it follows that 1 = f1/f1 < n/f1 = f2.  Also since f1 > 1, 
it follows f2xf1 = n > f2. Thus, by P(f1) and P(f2) they each can be represented as products of 
primes, and thus n is simply the product of these products. So P(n) follows.

base case n is not composite: By definition n is prime, and is thus its own prime factorization. So P(n) follows

So P(n) follows in both possible cases.
.



����� � ������� ������� ������ � � ����� ������� ���
�� ���� �� �� ��������� �� ��� �� ���� ������
���� �� ��� �������� ������� ��������



����� � ������� ������� ������ � � ����� ������� ���
�� ���� �� �� ��������� �� ��� �� ���� ������
��� ��� �������� ��������� �������



����� � ������� ������� ������ � � ����� ������� ���
�� ���� �� �� ��������� �� ��� �� ���� ������
��� ��� �������� ��������� �������



��������


