CSC236 tutorial exercises, Week #7

Sample Solutions

1. Consider the recurrence relation

1 n=1
() ={1+T([g]) n>1

Prove that T'(n) is non-decreasing.
Sample solution.

Let P(n) denote T(n) < T(n + 1).
Proof by strong induction.

Basis step.
. 2
P(1) holds since T(1) = 1ST(2) = 1 + T(H) =1+1=2.
Inductive step.
Assume P (i) holds where 1 < i < k foran arbitraryk > 1 € N;i.e,T({@) <T(i + 1).

We must show T(k) < T(k + 1).

There are two cases: either k is odd or k is even.

k+1

Case 1. When k is odd, [T] = E] by definition of ceiling.

T(k)=1+T ([g]) by definition of T as k > 1
T(k)=1+T(%) askisoddandbylH,sincelS[§]<k
Tkk)=Tk+1) by definitionof Task +1 > 1

Case 2. When k is even, [%] = [g] +1 by definition of ceiling
Tkk+1) =1+ T( %D by definitionof Task > 1
T(k+1)=1+T(E]+1) as kis even

T(k+1)21+T(ED byleince1s[§]<k Vk>1€N

T(k+1)=T(k) by definitionof Task > 1



2. Use repeated substitution (unwinding) to find a closed form for the recurrence S when n is a power of 3.

0= sas(@ res() o

wherea, ,a, 20 € Nanda; + a, = 3.

Sample Solution.

Assume i = 3% where k € N . Since [g] = EJ = g, anda; + a, =3
~ n=1
5(")={ﬁ2+35(§) A>1

7
s@) = a2 +35(3)
=A% +3 ((g)z +38 (:—2)) by plugging in < to S(A)

=% +30)% +325(3)

—w3(2) 2 ((2) +as(2) by plugging in 2 to S(7)

s () 4 @) s )

after k steps

=22 +3(2) 432 (2) 433 (&) 4431 (5) +7  sincen =3¢, and S(1) = 1

33 3k-1
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=+ttt ta)t1 actoring out 71
Lk

Azl_(g) ~ . .
=t — -+ from geometric series
—a (N A=tz - YA = 2at—1) + A
—n(2/3 2/3)+n 2n(l ﬁ)+n 2n(n D+7

Now we should prove S,.(7) = S.() where

1 . . n<3
S, (#) = {ﬁz tas, (ED +a25T(EJ) n>2



where a; ,a, 20 € N,a; + a, = 3,and S.(?) = %ﬁ(ﬁ— 1)+ 7 whered = 3k,

Proof by strong induction.
Basis step.
3
S(H)=1=5.(1) =§1(1 -D+1=1
Inductive step.

Assume S, (1) = S.(1) where 1< i< kfork >3 € N where { and k are powers of 3.

We must show Sr(IQ) = SC(E)

(&) =R+ S, ([5]) + a2 (|5]) by definition of 5, when & > 2

S,(IE) =k?+ (a; + a;)S, (g) since k is a power of 3 [g] = EJ = g
S, (k) =k + 3s, (g) sincea, + a, = 3
S, (k) =k? + 3.5, (g) by IH, since 1 < g <k whenk >3
s(R)=R2+3.CE(E-1)+5 by definition of S,
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R+k=2k(k—1)+F = 5.(F)



