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Using Introduction to the Theory of Computation,
Chapter 7

-
é Computer Science
UNIVERSITY OF TORONTO



Outline

FSAs formally
formal languages

notes

-
¥
~/ L‘J]L’ER&]T\ OF TORONTO



build an automaton with formalities. ..
quintuple: ( ,E,ﬁ,é]\’ p %o} i§/ <49 O
Q is set of states, & is finite, non-empty alphabet, gy is start state

F is set of accepting states, and 6 : @ x & — @Q is transition function
q
— >
© 0O

We can extend § : Q@ x ¥ +— Q to a transition function that
tells us what state a string s takes the automaton to:

65('\\‘4\ L/ ~\4am</7/o~;\ WCWV%ZQ\A v /
- / (emply
. $'\'r|'»7)
q ifs=e¢
5 QXTI Q  6%(q,8) =1 6(6%(q,8),z) ifs €T
tUeru%ﬁo -

String s is accepted if and only if 6*(go,s) € F, it is rejected
otherwise.

€N s=38z
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example — an odd machine

devise a machine that accepts strings over {a, b} with an odd number of as
o

b ——

Formal proof requires inductive proof of state invariant:
oy gt R F2. s,
W /4

/]D(S\ : §*(B, s) = E  only if s has even number of as r‘"‘?'é%
© only if s has odd number of as

Conf ~ shscon? induglis, o =T

/£€£ "
2 Kest= Ka, Kb € =

E =2 ¢ ha # il
§'E ¢ = Z d ML(JK:WJ
hoo
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example — an odd machine

devise a machine that accepts strings over {a, b} with an odd number of as

Formal proof requires inductive proof of state invariant:

P(SS . 5*(E,s) = .z oniy ::Lf s has even number of as
only if s has odd number of as W,
LAW Qﬁ W Slé ;J‘ Mﬂ W f(glx- M
Zhyy P6) vl Sc=ca s s=59.
Caar S= $'a s ‘
éi(E,S\ = Si(E,Q'a\ = 8(5 (EIS)J‘s

Q "hes even 4 4,
S(E’\s)% D)

s o o #a
564 = oy 0E)
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example — an odd machine
devise a machine that accepts strings over {a, b} with an odd number of as ‘L e ﬁV

T ko) ortwtnar, nolhis et ‘vﬂ*""/’“'*"’?f x"
SHES - £ s heo v #as 1o g b ,J/ii

as
Formal proof requires inductive prﬁ% of state 1m;r Q /N hewo
%o Wt

ond
?@7 §*(B, s) = {E only if s has even number of as lﬁgﬂ.

O only if s has odd number of as

'a L\,GMU#%OW&)

b= s
£ sla ho sota # % (1 o =)

Qaalt W< prove OT(E,S) =



example — an odd machine

devise a machine that accepts strings over {a, b} with an odd number of as

Formal proof requires inductive proof of state invariant:

E  only if s has even number of as
§*(E,s) =
O only if s has odd number of as

we'we sheen S¥(E,S) = & qV_L%_% s lro
A 205 T sk Yneilion - |
W s hoo 6l ag L‘Y i ago s

(s M,_w&m#as)»;) 7[8*{(553 - £)
= S%esh= 8
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more odd/even: 111tersect10n

L 1s the language of bmary ] /

with_an odd number of as, at least one b ro C( l bt -
o 'V’WT 4

Devise a machine for L
o o Mﬁotu,%
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more odd/even: _ gomy <t v Hensd.

L is the language of binary strings hu_,/ Mazp 'l".h_? S G e
with an odd number of as, or at least\one b _V_lﬁkl E B
) o8, @X

Devise a machine that accepts L,

Nn?b —\’TM<;+/W W7 b [;W
’Fl:ya‘\-w{f{’ 2.9 oIl # o
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some definitions L. mackss

powrds (87

alphabet: non-empty set of symbols, e.g. {a, b} or

string:

language:

N.B.:

{0,1,—1}. Conventionally denoted Z.

ﬁniteﬁncl ding empty) sequence of symbols over
an alphabet: abba is a string over {a, b}.
Convention: € is the empty string, never an
allowed symbol, ¥* is set of all strings\ow .

Subset of * for some alphabet X. Possibly empty,
possibly infinite subset. E.g. {},

{aa,aqa, aaaa,...}. 4>,0/vv\{’t] Mju.;/(
3 # {e}. \é%\:() = iﬁ%é%
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Many problems can be reduced to languages: logical formulas,
identifiers for compilation, natural language processing. Key
question is recognition:

Given language L and string s, is s € L?
—l < WU e nelerrd FSA?
~lo s densl V) %/ piloind a7
Languages may be described either by descriptive generators

(for example, regular expressions) or procedurally (e.g. finite
state automata)
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more notation

string length: denoted |s|, is the number of symbols in s, e.g.

s=1
sk
Mo’je aﬁéj
storsot:
sk
zn:

lbba|=3. [¢[=0 ﬂLLPy%« g1

. if and only if |s| = [¢|, and s; = ¢; for 1 <1 <|s].

: reversal of s is obtained by reversing symbols of s,

e.g. 10117 = 1101.

contcatenation of s and ¢t — all characters of s
followed by all those of ¢, e.g. bba o bb = bbabb.

: denotes s concatenated with itself £ times. E.g.,

ab® = ababab, 101° = ¢.

all strings of length n over %, L* denotes all
strings over I. 20,4_% = Goo W10, ES .
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language operations

L: Complement of L,ie. ©* — L. If L is language of
strings over {0, 1} that start with 0, then L is the
language of strings that begin with 1 plus the
empty string.

LUL': union = L'U L
LN L intersection = /_.\/2 L
L — [/: difference :j:r_ L — L
]
L
7 2% L

concatenation: LL or L. L' = {rt|r € L,t € L'}. Special cases

L{e} = L ={e}L,and L{} ={} = {} L. .
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more language operations

exponentiation: L* is concatenation of L k times. Special case,
L° = {e}, including L={} ()

57 58— vy stronge

Kleene star: L* = LU L' UL2U....
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