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recursive binary search _
y [e ]""‘M»ﬁ/(/

Oébéﬁ(ﬁ@u(ﬂ) b,e I
alfeg b X at M(ﬂ:ﬁf(l. Alloy merce ™
/\- 7 gof+€£ on- Atcf&é—cln.i /X_‘_ alV 0/(}.‘,
def recBinSearch(x, A, b, e) : oe orm PR vallo
! if b == e :
7 if x <= A[b]
3 return b
9 else :
5 return e + 1 +¢rm‘;”&°
L else : st~
’/«kufn P
3 m=(b+e) // 2 # midpoint e \
: be p < et
2 if x <= A[m] - .
9 return recBinSearch(x, A, b, m) ff)ée’
10 else : = ALP‘]Z/X
1 return recBinSearch(x, A, m+1l, e) b< e =

Cypilst ALP-T <k ¢ ALED ACe-0 L X
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conditions, pre- and post- M prec Mé«'{_ng :

Q({ % Pos*‘cné:"h&» (4<(v:un,;§,§

» z and elements of A are comparable v/ b L e & LA
» e and b are valid indices, b < e 0 <€%°

» A[b..e] is sorted non-decreasing

Pofa"' tsn difimn
RecBinSearch(z, 4, b, e) terminates and returns index p
»b<p<e+1
» b<p=Ap-1]<z
> p<e=z< Al
(except for boundaries, returns p so that Alp — 1] < z < A[p])
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precondition = termmatlon and postcondition
Proof: inductiononn=e—b+1 ya [\Q
.= k=

_ Q’X
be P = AleD Y.

Base case, n = 1: Terminates because there are no loops or
further calls, returns z < A[b = p]@p = b = e is returned.
z > Ab=p—1] @p = b + 1 returned, so postcondition

satisfied. Notice that the choice forces if-and-only-if.
_—

Induction step: Assume n > 1 and that the postcondition is
satisfied for inputs of size 1 < k < n that satisfy the
precondition. Call RecBinSearch(A,x,b,e) when
n=e—b+1>1. Since b < e in this case, the test on line 1
fails, and line 7 executes. Exercise: b < m < e in this case.
There are two cases, according to whether z < A[m] or

z > Alm].
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Case 1: z < A[m]

shew  lgm-bil < e-btrzn

v jﬁ
—~
» Show that IH applies to RBS(x,A,b,m)
> Translati(&le postcondltlon to RBS(x,A,b,m) | H ggyd :
- fermi Tulvs P, ké(’ému
. pop = ALFT & X
° P‘- m= ACP% X

» Show that P_}BS(X,A,b,e) satis@)es postcondition
- terminction (Lo | H ’
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Case 2: z > A[m]
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» Show that@E pphes to RBS x,A,m+1,e)

— ’*_élf mt ﬂ ,ﬁﬁl <
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® m—k\éfx
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. @ WS AP 2. b

“wee- gguw ALp-1) €% 7H

o ATp-1)= ALY
v/ %%4

\ l—\ S%o
» Translate postcondition to RBS(x,A,m+1,e)
N

Pzl oy IH ¥ m2 b
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what could go wrong? u—ﬁ‘
{ oresfos.

Lok pree
e+b A M
> m=[55] ~ .046
>z < Alm] yy¢f§5 K -
> .
» Either prove correct, or find a counter-example
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recursive and iterative
mergesort precondtims - pHepe e 4 bn(A)

MergeSort(A,b,e): M

1. if b == e: return 1
_ . R LE evw
2. (b+e) /2 # 1nteger division __b_’—‘__m/_ :
3. MergeSort(A b,m) 1€ m-bxl & €-b+ =
4. MergeSort(A,m+1,e)l€@-m « €~ b
# merge sorted A[b..m] and A[m+1..e] back jinto A[b..el
= had - broe] -

c=b ' FF”&_«Q?]’:{

= s -

d = m+i ;E“J T W Sems tlovnels  Gn

for i = b,...,e: m wan « l

\'”J‘( if d > e or (¢ <= m and B[c] < B[d]): niz

10. Ali] = B[c] domands un chyg,

11. c=c+1 gad.
else: # d <= e and (¢ > m or B[c] >= B[d])

12, A[i] = B[d] 9- 13

13' d = d + 1 % N[VERSITY OF TORONTO
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conditions, pre- and post-

pre
» b and e are nature numbers, 0 < b < e < len(A).

» elements of A are comparable

V4 P’S*W

» A’[b..e] contains the same elements as A[b..e], but sorted
in non-decreasing order (use notation A’ for A after calling
MergeSort(A,b,e)). All other elements of A’ are unchanged.

S A
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Proof of correctness of MergeSort(A,b,e)

by induction on n = e — b + 1 for all arrays of size n,
(precondition+execution)=(termination+postcondition)

Base case, 1 = e — b + 1: Assume MergeSort(A,b,e) is called
with len(A) = 1 preconditions satisfied. Then 0 < e < b <0,

so e == b, and the algorithm terminates with a (trivially)
sorted A’, satisfying the pgecondition.
i

Induction step: Assume n € N, n > 1, and for all natural
numbers k, 1 < k < n, that MergeSort on all arrays of size k
that satisfy the precondition and run will terminate and satisfy
the postcondition. Assume MergSort(A,b,e) is executed and
n=e—b+1.
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The test on line 1 fails, and m is set to (b + e)//2, strictly less
than e (exercise).

Does the IH apply to MergeSort(A,b,m) and
MergeSort(A,m+1,e)? Translate the IH into postconditions for
MergeSort(A,b,m) and MergeSort(A,m+1,e).

m
Now we need iterative correctness for the merge. ..
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iterative correctness

partial correctness plus termination

N4 celeln

! "‘_’%m;,-h%n & "
o PO° g ]or:jrd/”" $ X
C et e )
» Preconditions pl ination imply the postcondition.
P

robably needs a loop invariant
D ——

{» termination — construct a decreasing sequence in N.
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