Yol g
e -
Oféfu ST 08C236 fall 2012

ej} structural induction
&

AL ;i}wf Danny H
anny Heap
% heap@cs.toronto.edu
BA4270 (behind elevators)
http://www.cdf.toronto.edu/~heap/236/F12/
416-978-5899

Using Introduction to the Theory of Computation,
Chapter 4, Section 1.1

o
% UN[VERSITY OF TORONTO



Outline

Equivalence of inductions

Structural induction

Notes

a
Computer Science
UNIVERSITY OF TORONTO



WO = MI = Cl = WO

\

The cycle is proved in the text, here is one link. Suppose you

believe MI, and you have shown for some property P:
—

): Vn €N, (V0 <:iKln,P(1)) = P(n) (1)

P'(n) : V0 < 1(<|n, P(4), in other words, P(2) is true up to and
including n. Using only MI prove Vn, P'(n):

Now define a sé different predicate:

Base case: Since we showed (1), and there are no natural
numbers smaller than 0, we have P’(0).
Induction step: Assume 7 is an arbitrary natural number and |
that P’(n) is true. It follows from (1) that
P(n + 1) is true, and hence P'(n + 1) is true.
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Define sets inductively

...s0 as to use induction on them later

One way to define the natural numbers:

N: The set such that

1.0eN

22.neN=>n+1eN.
By smallest I mean N has no proper subsets that satisfy these
conditions. If I leave out smallest, what other sets satisfy the
definition?

Yo, R, C
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What can you do with it?

The definition on the previous page defined the simplest
natural number (0) and the rule to produce new natural
numbers from old (add 1). Proof using Mathematical Induction
ork by showing that 0 has some property, and then that the
rule to produce natural numbers preserves the property, that is

1. Prove P(0)
2. Prove that Vn € N, P(n) = P(n +1). \
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Other structurally-defined sets

il m,ylz bed) (902

C ) (g Xo) (@Hj\ X (y+2)
/X X (%1’ 2\
Define £: The smallest set such that
> T,Yy,2€E
> e, €EE = (e1+ e), (e1 — e2), (e1 X e2),
and (e; + e2) € €.

Form some expressions in £. Count the number of variables
(symbols from {z, v, 2}) and the number of operators (symbols
from {+, x, +, —}). Make a conjecture.

Ve = 06(65 t |
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Structural induction ( <x 5 g\\ 1 2 S

P(e): vr(e) =op(e)+1

To prove that a property is true for all e € £, parallel the
recursive set definition:
» Base case: Show that the property is true for the simplest
members, {z,y, 2}
» Induction step: Show “inheritance”: if P(e;) and P(ez),
then all possible combinations (e; + e2), (e1 — e2),
(e1 X e2), and (e; + e2) have the property.

Conclude that the property is true of all elements of £.
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Structural induction W \(/e ¢ ¢ , Ple) <T

P(e) : yr(e) = op(e) +1 A
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Recursive definition o[\ | | 2 \
Fibonacci sequence\3 / %

3cJ(M,“

This sequence comes up in applied rabbit breeding, the height

of AVL trees, and the complexity of Euclid’s algorithm for the
‘\

GCD: pet oy AT

_ n / n < 2
F(n) {me;+pm—n n>2

What is the sum of n Fibonacci numbers?
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Fibonacci numbers

What is ZZS F(4)? P (n\ 5 2 F(i\ = F(_ml\ - \
(=0

Chore Ynem, E0.
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