CSC165H1, Fall 2017 CSC165H1 Worksheet: Week 9 Problem Session

Learning Objectives
By the end of this worksheet, you will:

e Analyse the running time of loops whose loop counter changes differently in different iterations.
e Analyse the running time of functions that call helper functions.

e Understand and express properties about the minimum and maximum of a set of numbers.

. Varying loop increments. In lecture, we saw one (complicated) example of a loop where the change in loop counter
value was not the same for each iteration. In this question, you’ll get some practice analyzing such loops yourself
using a general technique. For each of the following functions, do the following:

(i) Identify the minimum and mazimum possible change for the loop counter in a single iteration.

(ii) Use this to determine formula for an exact lower bound and upper bound on the value of the loop counter
after k iterations.

(iii) Use these formulas and the loop condition to find an upper bound and lower bound on the exact number of
loop iterations that will occur.
Note: a lower bound on the value of the loop counter gives you an upper bound on the number of loop
iterations in the loop, and vice versa.

(iv) Use your upper and lower bounds on the number of iterations to find Big-Oh and Omega asymptotic bounds
on the running time of the function. Note that if you have the same expression for Big-Oh and Omega, then
you can also conclude a Theta bound.

1 def varyingl(n):

2 i=20

3 while i < n:

4 if i % 3 == 0:
(a) i=1i+1

6 elif i % 2 ==

7 i=1+3

8 else:

9 i=1+6
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1 def varying2(n):

2 i=1

3 while i < n:

(b) if n % i <= 1i/2:
5 i=2x*xi

6 else:

7 i=3x*i

2. Helper functions. So far, we have analysed loops as the main mechanism for writing functions whose running time
depends on the size of the function’s input. Another source of non-contant running times that you often encounter
are other functions that are used as helpers in an algorithm.

For this exercise, consider having two functions helperl and helper2, which each take in a positive integer as
input. Moreover, assume that helperi’s running time is ®(n) and helper2 is ©(n?), where n is the value of the

input to these two functions.

Your goal is to analyse the running time of each of the following functions, which make use of one or both of these
helper functions. When you count costs for these function calls, simply substitute the value of the argument of
the call into the function f(z) =z or f(z) = z* (depending on the helper). For example, count the cost of calling
helperi (k) as k steps, and helper2(2+n) as 4n? steps.

1 def fi(n):
(2) helperi(n)
3 helper2(n)
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1 def f2(n):

2 i=0

3 while i < n:

4 helperl(n)
i=1i+2

(B)

7 j=20

8 while j < 10:

9 helper2(n)

10 j=j+1

1 def f2(n):

2 i=0

3 while i < n:

4 helper1(i)

5 i=1i+1

(©)

7 j=20

8 while j < 10:

9 helper2(j)

10 j=3j+1
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. Set maximum and minimum. Students learning about worst-case and best-case running times are often confused about
exactly how (and why) to prove upper and lower bounds on these functions. To help your understanding, in this
exercise we're going to take a steps back and look at a simpler problem: determining properties of the maximum
and minimum of a single set of numbers. For this problem, we'll use the notation max(.S) to denote the maximum
value in set of numbers S, and min(S) to denote its minimum.

(a) Let S be a non-empty, finite subset of R, and assume that every element of S is less than or equal to 165.
What can you conclude about max(S) and/or min(S)?

(b) Express the idea from part (a) by completing the following formula in predicate logic:

VSCR, VM €ER, (V€S ¢ < M) =

(c) Now suppose instead that at least one element of S is less than or equal to 165. What can you conclude
about max(S) and/or min(S)?

(d) Express the idea from part (a) by completing the following formula in predicate logic:

VSCR,VMER, (3z€S, ¢< M) =

(e) Finally, write the analogous statements to the previous parts that use the inequality z > M instead of z < M.
Your four statements combined should describe upper and lower bounds on both min(S) and max(.S).

Page 4/4



