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Question 1. [10 mMARKs]

Use the proof structure from this course (including comments) to prove:
VmeN,VneN,(Jie Nm=5i+1)A(3j € N,n=5j+2) = (Ik € N,m + n = 5k + 3)

Proof:

Assume m € N, n € N # generic natural numbers

Assume (32 € Nym =51+ 1) A (37 € N,n =55 + 2) # the antecedent
Let 29 € N be such that m = 54g + 1
Let jo € N be such that n =559 + 2
then m +n = (540 + 1) + (550 + 2) = 5(40 + jo) + 3
Let k =19+ J0
then k& € N # ¢ and jo are both natural numbers
then m +n =5k + 3
then 3k e NNm+n=5k+3
then (L eN,m =51+ 1)A(FgeN,n=5j+2)= Ik eN,m+n=5k+3

then Vm € N,Vn €N, (I € Nm=5i+1)A(Jj € N,n =55 +2) = (Ik € N,m + n = 5k + 3)
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Question 2. [10 MARKsS]

For z € R, define |z| by
lz| €eZN|z|<zANVzeZz<z=2<|z|)

Use this definition of |z], and the structured proof technique from this course (including comments, where
appropriate), to prove:
Ve cRT,Id e RT,Vw e R,w >d = |w| > e

Proof:

Assume e € R # generic positive real number

Pickd=e+1,thend € R"
Assume w € R # generic real number
Assume w > d # the antecedent
then w > e + 1 # because of the d we picked
Assume |w] < e # for contradiction
then |w| +1<e+1+# add 1 to both side
then |w] + 1 < w # transitivity
and |w] + 1€ Z # |w] and 1 are both integers
then |w| + 1 < |w| # by definition of |w]
then 1 < 0 # subtract |w| from both sides, and contradict with 1 > 0
then |w]| > e # because of contradiction
then w > d = |w| > e # introduce =
then Vw € R,w > d = |w]| > e # introduce V
then 3d € RT,Vw € R,w > d = |w]| > e # introduce 3

w
w

then Ve € RT,3d € RT,Vw € R,w > d = |w| > e # introduce V

Alternative Proof utilising the result |w| > w — 1

Assume e € RT # generic positive real number

Pickd=e+ 1, then d € RT
Assume w € R # generic real number
Assume w > d # the antecedent
then w > e + 1 # because of the d we picked
then w — 1 > e # subtract 1 from both sides
and |w]| > w — 1 # property proven in lecture
then |w]| > e # transitivity
then w > d = |w]| > e # introduce =
then Vw € R,w > d = |w]| > e # introduce V
then 3d € R",Vw € R,w > d = |w] > e # introduce

then Ve € RT,3d € R*,Vw € R,w > d = |w]| > e # introduce V
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[10 MARKS]

For z € R, define |z| by

lz| € ZA|z|<zA(NVz€Zz<z=2<|z|)

Use this definition of |z, and the proof structure from this course (including comments) to disprove:

Sample solution:

z€Z,IzeR, |z|+2# |2+ 2]

First negate the statement, yielding

Vz € Z,Vz €R, |z] + 2= [z + 2]

Like what we did in the assignment, we prove this equality by showing

Proof:

(lz] +z< |z +2])A(lz + 2] < [2] +2)

Assume 2z € 7Z # generic integer

Assume ¢ € R # generic real number

then |z| < z # by definition of |z]

then [z] + 2z <z + z # add z to both sides

and |z| + z € Z # both |z| and z are integers

then |z] + z < |z + 2| # definition of |z + z], first inequality obtained
and |z + 2] < z + z # definition of |z + z]

then |z + 2| — 2 < z # subtract z from both sides

and |z + 2| — 2z € Z # both |z + z] and z are integers

then |z + 2| — 2 < |z| # definition of |z]

then |z + 2| < |z| + 2z # add z to both sides, second inequality obtained
then (|z] +z2 < |z +z])A(lz + 2] < |z] + 2) # conjunction introduction
then [z]+z2=|z+2|#a=boa<bAb<a

then Vz € R, |z| + 2 = |z + 2| # introduce V

then Vz € Z,Vz € R, |z| + 2z = |z + 2| # introduce V
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