CSC 165 TUTORIAL # 8 — SAMPLE SOLUTIONS Fall 2014

1. Write a detailed structured proof that 5n* — 3n2 + 1 € O(6n° — 4n® + 2n).

Proof outline: By definition of "O", we have to show
JeeRT,IBEN,Vn € N,n > B = 5n* — 3n% + 1 < ¢(6n° — 4n® + 2n).

This can be done using the following proof structure.

Let ¢’ =... Thenc' € RT.

Let B'=... Then B’ € N.

Assumen € Nand n > B'.

...show that 5n* — 3n2? + 1 < ¢/(6n® — 4n3 + 2n). ..

Then Vn € N,n > B’ = bn* —3n? + 1 < /(6n° — 4n3 + 2n).

Then 3c € RT, 3B € N,Vn € N,n > B = 5n* — 3n? + 1 < ¢(6n® — 4n3 + 2n).
Scratch work: Working “forward” from the left-hand side, we get:

5n* —3n2+1<5nt+1

~

< 5nt+nt ifn>1
< 6nt

<n-nt ifn>6
<n’

(Note that there are other inequalities we could have reached, e.g., 6n* < 6n® foralln > 1.)
Working “backward” from the right-hand side, we get:

6n° — 4n® + 2n > 6n® — 4n

5 _anb because —n® > —n

\
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Since both chains of inequalities connect, we are done: we can pick B = 6 (because we require
n > 6 in our first chain) and ¢ = 1.

Proof: (This is the actual final “solution”. We skip the formal introduction of B’ and ¢’ and instead,
simply use their values directly. This style of proof is fine, and it is a little less verbose than using
“B" and “c" throughout the argument.)

Assume n € N and n > 6.

Then, 5n* —3n2 +1 < Bn* +1
<snt 40t sincen >6>1
< 6nt
<n-nt sincen > 6
< 2nd
< 6n° — 4nb
< 6n° —4nd since —n® < —n?
< 6n° — 4n® 4 2n.

Then Vn € N,n > 6 = 5n* — 3n2 + 1 < 6n® — 4n3 + 2n.

Then 3c € RT,3IBEN,Vn € N,n > B = 5n* —3n2+1 < c(6n® —4nd +2n). # pick B=6
andc=1

Then 5n* — 3n2 + 1 € O(6n® — 4n3 + 2n), by definition.
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2. Write a detailed structured proof that 6n% — 4n® + 2n ¢ O(5n* — 3n? + 1).

Proof outline: From the negated definition of “©O", we have to prove
Vee RY,VBeN,In € N,n > BA6n® —4n® +2n > c(5n* — 3n? 4 1)

This can be done with the following proof structure.
Assume ¢ € RT and B € N.
Let ng = ... # an expression containing B and ¢
...show that ng € N. ..
...show that ng > B...
...show that 6n5 — 4nd + 2ny > ¢(5nf — 3nd + 1). ..
Then, 3n € N,n > B A6n% — 4n? 4+ 2n > c(5n* — 3n? + 1).
Then, Ve € RT,VB € N,3n € N,n > BA6n® — 4n® +2n > c(5n* — 3n2 + 1).

Scratch work: The property of ng that will be most difficult to show is 6n5 — 4nd + 2ny > c(5n§ —
3n2 + 1), so we focus on it first. It is tempting to try to solve for ng—and if the expression were
simpler, this would yield an appropriate value. But it will be complicated in this case, and it is not
necessary. Remember that, intuitively, we are simply trying to prove that 6n® — 4n3 + 2n is larger
than 5n* — 3n2 4 1 by more than a constant factor.

Working “forward” from the left-hand side, we get:

6n5 — 4n® + 2n > 6n® — 4n? ifn>1
> 6n° — 4nS ifn>1
=2nd

Working “backward” from the right-hand side, we get:

5m* —3n2+1<5nt+1 if
< 6nt if

Now, we want 2n° > c(6n?), i.e., n® > 3cn*. This will be true as long as n > 3c. Since ¢ € RT,
to ensure n € N, we can pick any value n > [3c| + 1. This guarantees n > 1, which is needed
for the inequalities above to hold. Finally, we also need n > B, which can be achieved simply by
picking m = B + [3c] + 1.
Proof:

Assume ¢ € RT and B € N.

Let ng = B+ [3c] + 1.

Then ng € N because B € N and [3c| € N for all ¢ € RT.

Then ng > B (in fact, ng > B).

Then 6n5 — 4n3 + 2ny > 6n5 — 4n since ng > 1
> 6n§ — 4nd sinceng > 1
= 2n8
= no(2ng)
> 3c(2ng) since ng > 3¢
= ¢(6n¢)
> c(5ng + 1) since ng > 1

> c(5ng — 3n2 +1).
Then, 3n € N,n > B A 6n° — 4n® + 2n > ¢(5n* — 3n? + 1).
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Then, Ve € RT,VB € N,3n € N,n > BA6n® —4n® +2n > c(5n* — 3n2 + 1).
Then 6n% — 4n8 + 2n ¢ O(5n* — 3n2 + 1), by definition.
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