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Annoucements and todays agenda

Announcements

1 First 3 questions for A4 have been posted.
2 Some students are trying to survey how much interest there is in the

course CSC375 (the enriched version of CSC373) in the hope that it
will be offered again. If interested in particpating in this survey (even if
you are not currently interested in taking CSC375) please look at:
https://csc.cdf.toronto.edu/mybb/showthread.php?tid=12601

Todays agenda

1 Introduce the stochastic linear threshold and independent cascade
influence spread models.

2 A “natural” greedy algorithm for maximizing the value of a monotone
submodular set function subject to a cardinality constraint.

3 Comparing the greedy algorithm with other simple algorithms.
4 We will conclude this discussion with some further comments and also

mention models for competitive influence spread.
5 We begin the small world phenomenon in Chapter 20.
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Computationally manageable influence maximization
models; monotone submodular set functions

Some spread models have the following nice properties.

Let f (S) be size (or more generally a real value benefit since some nodes
may be more valuable) of the final set S of adopters satisfying:

1 Monotonicity: f (S) ≤ f (T ) if S is a subset of T

2 Submodularity: f (S + v)− f (S) ≥ f (T + v)− f (T ) if S is a subset of T

Where have we seen such functions before?

The simple threshold examples considered thus far are monotone
processes but are not submodular in general. Are these contrived
worst case network examples?

But some variants of the threshold model and related models do
satisfy these properties. We consider two such stochastic models.
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Linear threshold model
We have an edge weighted (undirected or directed) network where
weight w(u, v) represents the relative influence (e.g. quantitative
version of weak and strong ties) of node u on node v .

Now each nodes threshold q(v) is chosen randomly in [0, 1] to model
lack of knowledge as to how easy it is to influence a given individual.

A node v adopts A if the sum of all edge weights into v exceeds the
randomly chosen q(v).

Goal: find an initial set of k adopters so as to maximize the expected
number (or benefit) of eventual adopters. (This is a stochasitic
process so that we are trying to optimize the expected value of the
process.)

Aside: We often use the language of disease spread and say “infected
nodes” rather than “already influenced nodes”.
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The linear threshold model

Each node v chooses a threshold tv randomly from [0, 1].

Each edge (u, v) has assigned weight wuv from [0, 1] such that

∑

u→v

wuv ≤ 1.

In each step t, a node v is infected if the weighted sum of incident
edges coming from infected neighbors exceeds threshold.
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Independent cascade influence model

We again have an edge weighted network (as in threshold model) but
now the weights p(u, v) ≤ 1 represent the probability that node u will
influence node v given one and only one chance to do so.

That is, if node u adopts A at time t, then with probability p(u, v),
node v will adopt v at time t + 1.

After this node u will not have another opportunity to influence v .

Goal: is to find initial set of adopters to maximize the expected
number of eventual adopters.

Threshold and (especially) cascade processes are motivated by models
for the contagious spread of disease. Should disease spread and
influence spread should be governed by similar processes?

I See http://www.economist.com/blogs/babbage/2012/04/

social-contagion
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The Independent Cascade Process

Each edge (u, v) has an associated probability puv .

In each step t, nodes that adopted technology at step t − 1 “infect”
each of their uninfected neighbors with probability puv .
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How to select a good set of initial adopters

While in general it is computationally hard to find an optimal set of
initial adopters, the stochastic linear threshold and independent
cascade models satisfy the monotonicity and submodular properties
(for f (S) being the expected number of eventual adopters).

This allows for a very simple “greedy” algorithm that (provably)
selects a set S such that f (S) is within a factor (1− 1

e ) ∼ .63 of
optimality. What does “decreasing marginal gains” suggest?

The greedy strategy is to iteratively add (to whatever nodes have
already been selected) one new initial adopter so as to maximize the
expected marginal gain.

We need to simulate the stochastic process for sufficiently many trials
to determine the next node to add. (When different nodes to have
different values, accurate simulation requires that the ratio of such
values is reasonably bounded.)
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An experimental study comparing methods: Kempe,
Kleinberg, Tardos

To test the usefulness of the models being studied, Kempe et al.
compare the best marginal gain greedy algorithm with three other
simple methods that do not require simulating the process.
Namely, they compare against:

I Greedy by highest degree first
I Greedy by centrality, i.e. by best average path
I Random choice of adopters

The experimental data set is an undirected multi-graph based on
jointly authored papers by physicists.
Here we have r edges between u and v if they have been co-authors
on r papers.

I In the threshold model, weights w(u, v) are chosen proportional to the
multiplicity of edges between u and v .

I In the independent cascade model, each edge is given the same
probability of success.

I In the weighted cascade model, probabilities are set proportional to the
degree.
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While processing the data, we corrected many common types of
mistakes automatically or manually. In order to deal with aliasing
problems at least partially, we abbreviated first names, and unified
spellings for foreign characters. We believe that the resulting graph
is a good approximation to the actual collaboration graph (the sheer
volume of data prohibits a complete manual cleaning pass).

The Influence Models. We compared the algorithms in three dif-
ferent models of influence. In the linear threshold model, we treated
the multiplicity of edges as weights. If nodes u, v have cu,v parallel
edges between them, and degrees du and dv , then the edge (u, v)
has weight cu,v

dv
, and the edge (v, u) has weight cu,v

du
.

In the independent cascade model, we assigned a uniform proba-
bility of p to each edge of the graph, choosing p to be 1% and 10%
in separate trials. If nodes u and v have cu,v parallel edges, then
we assume that for each of those cu,v edges, u has a chance of p
to activate v, i.e. u has a total probability of 1 − (1 − p)cu,v of
activating v once it becomes active.

The independent cascade model with uniform probabilities p on
the edges has the property that high-degree nodes not only have
a chance to influence many other nodes, but also to be influenced
by them. Whether or not this is a desirable interpretation of the
influence data is an application-specific issue. Motivated by this,
we chose to also consider an alternative interpretation, where edges
into high-degree nodes are assigned smaller probabilities. We study
a special case of the Independent Cascade Model that we term
“weighted cascade”, in which each edge from node u to v is as-
signed probability 1/dv of activating v. The weighted cascade
model resembles the linear threshold model in that the expected
number of neighbors who would succeed in activating a node v is
1 in both models.

The algorithms and implementation. We compare our greedy
algorithm with heuristics based on nodes’ degrees and centrality
within the network, as well as the crude baseline of choosing ran-
dom nodes to target. The degree and centrality-based heuristics are
commonly used in the sociology literature as estimates of a node’s
influence [30].

The high-degree heuristic chooses nodes v in order of decreasing
degrees dv . Considering high-degree nodes as influential has long
been a standard approach for social and other networks [30, 1], and
is known in the sociology literature as “degree centrality”.

“Distance centrality” is another commonly used influence mea-
sure in sociology, building on the assumption that a node with short
paths to other nodes in a network will have a higher chance of influ-
encing them. Hence, we select nodes in order of increasing average
distance to other nodes in the network. As the arXiv collaboration
graph is not connected, we assigned a distance of n — the number
of nodes in the graph — for any pair of unconnected nodes. This
value is significantly larger than any actual distance, and thus can
be considered to play the role of an infinite distance. In particu-
lar, nodes in the largest connected component will have smallest
average distance.

Finally, we consider, as a baseline, the result of choosing nodes
uniformly at random. Notice that because the optimization problem
is NP-hard, and the collaboration graph is prohibitively large, we
cannot compute the optimum value to verify the actual quality of
approximations.

Both in choosing the nodes to target with the greedy algorithm,
and in evaluating the performance of the algorithms, we need to
compute the value σ(A). It is an open question to compute this
quantity exactly by an efficient method, but very good estimates
can be obtained by simulating the random process. More specif-

ically, we simulate the process 10000 times for each targeted set,
re-choosing thresholds or edge outcomes pseudo-randomly from
[0, 1] every time. Previous runs indicate that the quality of approx-
imation after 10000 iterations is comparable to that after 300000 or
more iterations.

The results. Figure 1 shows the performance of the algorithms
in the linear threshold model. The greedy algorithm outperforms
the high-degree node heuristic by about 18%, and the central node
heuristic by over 40%. (As expected, choosing random nodes is
not a good idea.) This shows that significantly better marketing
results can be obtained by explicitly considering the dynamics of
information in a network, rather than relying solely on structural
properties of the graph.
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Figure 1: Results for the linear threshold model

When investigating the reason why the high-degree and central-
ity heuristics do not perform as well, one sees that they ignore such
network effects. In particular, neither of the heuristics incorporates
the fact that many of the most central (or highest-degree) nodes
may be clustered, so that targeting all of them is unnecessary. In
fact, the uneven nature of these curves suggests that the network
influence of many nodes is not accurately reflected by their degree
or centrality.

Figure 2 shows the results for the weighted cascade model. No-
tice the striking similarity to the linear threshold model. The scale
is slightly different (all values are about 25% smaller), but the
behavior is qualitatively the same, even with respect to the exact
nodes whose network influence is not reflected accurately by their
degree or centrality. The reason is that in expectation, each node is
influenced by the same number of other nodes in both models (see
Section 2), and the degrees are relatively concentrated around their
expectation of 1.

The graph for the independent cascade model with probability
1%, given in Figure 3, seems very similar to the previous two at
first glance. Notice, however, the very different scale: on average,
each targeted node only activates three additional nodes. Hence,
the network effects in the independent cascade model with very
small probabilities are much weaker than in the other models. Sev-
eral nodes have degrees well exceeding 100, so the probabilities
on their incoming edges are even smaller than 1% in the weighted
cascade model. This suggests that the network effects observed for
the linear threshold and weighted cascade models rely heavily on
low-degree nodes as multipliers, even though targeting high-degree
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nodes is a reasonable heuristic. Also notice that in the independent
cascade model, the heuristic of choosing random nodes performs
significantly better than in the previous two models.
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The improvement in performance of the “random nodes” heuris-
tic is even more pronounced for the independent cascade model
with probabilities equal to 10%, depicted in Figure 4. In that model,
it starts to outperform both the high-degree and the central nodes
heuristics when more than 12 nodes are targeted. It is initially sur-
prising that random targeting for this model should lead to more
activations than centrality-based targeting, but in fact there is a nat-
ural underlying reason that we explore now.

The first targeted node, if chosen somewhat judiciously, will ac-
tivate a large fraction of the network, in our case almost 25%.
However, any additional nodes will only reach a small additional
fraction of the network. In particular, other central or high-degree
nodes are very likely to be activated by the initially chosen one, and
thus have hardly any marginal gain. This explains the shapes of the
curves for the high-degree and centrality heuristics, which leap up
to about 2415 activated nodes, but make virtually no progress after-
wards. The greedy algorithm, on the other hand, takes the effect of
the first chosen node into account, and targets nodes with smaller
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marginal gain afterwards. Hence, its active set keeps growing, al-
though at a much smaller slope than in other models.

The random heuristic does not do as well initially as the other
heuristics, but with sufficiently many attempts, it eventually hits
some highly influential nodes and becomes competitive with the
centrality-based node choices. Because it does not focus exclu-
sively on central nodes, it eventually targets nodes with additional
marginal gain, and surpasses the two centrality-based heuristics.

4. A GENERAL FRAMEWORK FOR INFLU-
ENCE MAXIMIZATION

General Threshold and Cascade Models. We have thus far been
considering two specific, widely studied models for the diffusion
of influence. We now propose a broader framework that simulta-
neously generalizes these two models, and allows us to explore the
limits of models in which strong approximation guarantees can be
obtained. Our general framework has equivalent formulations in
terms of thresholds and cascades, thereby unifying these two views
of diffusion through a social network.

• A general threshold model. We would like to be able to
express the notion that a node v’s decision to become ac-
tive can be based on an arbitrary monotone function of the
set of neighbors of v that are already active. Thus, associ-
ated with v is a monotone threshold function fv that maps
subsets of v’s neighbor set to real numbers in [0, 1], sub-
ject to the condition that fv(∅) = 0. The diffusion pro-
cess follows the general structure of the Linear Threshold
Model. Each node v initially chooses θv uniformly at ran-
dom from the interval [0, 1]. Now, however, v becomes active
in step t if fv(S) ≥ θv , where S is the set of neighbors of v
that are active in step t − 1. Note that the Linear Threshold
Model is the special case in which each threshold function
has the form fv(S) =

∑
u∈S bv,u for parameters bv,u such

that
∑

u neighbor of v

bv,u ≤ 1.

• A general cascade model. We generalize the cascade model
to allow the probability that u succeeds in activating a neigh-
bor v to depend on the set of v’s neighbors that have already
tried. Thus, we define an incremental function pv(u, S) ∈
[0, 1], where S and {u} are disjoint subsets of v’s neighbor
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nodes is a reasonable heuristic. Also notice that in the independent
cascade model, the heuristic of choosing random nodes performs
significantly better than in the previous two models.

0

10

20

30

40

50

60

70

80

90

0 5 10 15 20 25 30

ac
tiv

e 
se

t s
iz

e

target set size

greedy
high degree

central
random

Figure 3: Independent cascade model with probability 1%

The improvement in performance of the “random nodes” heuris-
tic is even more pronounced for the independent cascade model
with probabilities equal to 10%, depicted in Figure 4. In that model,
it starts to outperform both the high-degree and the central nodes
heuristics when more than 12 nodes are targeted. It is initially sur-
prising that random targeting for this model should lead to more
activations than centrality-based targeting, but in fact there is a nat-
ural underlying reason that we explore now.

The first targeted node, if chosen somewhat judiciously, will ac-
tivate a large fraction of the network, in our case almost 25%.
However, any additional nodes will only reach a small additional
fraction of the network. In particular, other central or high-degree
nodes are very likely to be activated by the initially chosen one, and
thus have hardly any marginal gain. This explains the shapes of the
curves for the high-degree and centrality heuristics, which leap up
to about 2415 activated nodes, but make virtually no progress after-
wards. The greedy algorithm, on the other hand, takes the effect of
the first chosen node into account, and targets nodes with smaller

0

500

1000

1500

2000

2500

3000

0 5 10 15 20 25 30

ac
tiv

e 
se

t s
iz

e

target set size

greedy
high degree

central
random

Figure 4: Independent cascade model with probability 10%

marginal gain afterwards. Hence, its active set keeps growing, al-
though at a much smaller slope than in other models.

The random heuristic does not do as well initially as the other
heuristics, but with sufficiently many attempts, it eventually hits
some highly influential nodes and becomes competitive with the
centrality-based node choices. Because it does not focus exclu-
sively on central nodes, it eventually targets nodes with additional
marginal gain, and surpasses the two centrality-based heuristics.

4. A GENERAL FRAMEWORK FOR INFLU-
ENCE MAXIMIZATION

General Threshold and Cascade Models. We have thus far been
considering two specific, widely studied models for the diffusion
of influence. We now propose a broader framework that simulta-
neously generalizes these two models, and allows us to explore the
limits of models in which strong approximation guarantees can be
obtained. Our general framework has equivalent formulations in
terms of thresholds and cascades, thereby unifying these two views
of diffusion through a social network.

• A general threshold model. We would like to be able to
express the notion that a node v’s decision to become ac-
tive can be based on an arbitrary monotone function of the
set of neighbors of v that are already active. Thus, associ-
ated with v is a monotone threshold function fv that maps
subsets of v’s neighbor set to real numbers in [0, 1], sub-
ject to the condition that fv(∅) = 0. The diffusion pro-
cess follows the general structure of the Linear Threshold
Model. Each node v initially chooses θv uniformly at ran-
dom from the interval [0, 1]. Now, however, v becomes active
in step t if fv(S) ≥ θv , where S is the set of neighbors of v
that are active in step t − 1. Note that the Linear Threshold
Model is the special case in which each threshold function
has the form fv(S) =

∑
u∈S bv,u for parameters bv,u such

that
∑

u neighbor of v

bv,u ≤ 1.

• A general cascade model. We generalize the cascade model
to allow the probability that u succeeds in activating a neigh-
bor v to depend on the set of v’s neighbors that have already
tried. Thus, we define an incremental function pv(u, S) ∈
[0, 1], where S and {u} are disjoint subsets of v’s neighbor

0

100

200

300

400

500

600

700

800

900

0 5 10 15 20 25 30

ac
tiv

e 
se

t s
iz

e

target set size

greedy
high degree

central
random

Figure 2: Results for the weighted cascade model

nodes is a reasonable heuristic. Also notice that in the independent
cascade model, the heuristic of choosing random nodes performs
significantly better than in the previous two models.

0

10

20

30

40

50

60

70

80

90

0 5 10 15 20 25 30

ac
tiv

e 
se

t s
iz

e

target set size

greedy
high degree

central
random

Figure 3: Independent cascade model with probability 1%

The improvement in performance of the “random nodes” heuris-
tic is even more pronounced for the independent cascade model
with probabilities equal to 10%, depicted in Figure 4. In that model,
it starts to outperform both the high-degree and the central nodes
heuristics when more than 12 nodes are targeted. It is initially sur-
prising that random targeting for this model should lead to more
activations than centrality-based targeting, but in fact there is a nat-
ural underlying reason that we explore now.

The first targeted node, if chosen somewhat judiciously, will ac-
tivate a large fraction of the network, in our case almost 25%.
However, any additional nodes will only reach a small additional
fraction of the network. In particular, other central or high-degree
nodes are very likely to be activated by the initially chosen one, and
thus have hardly any marginal gain. This explains the shapes of the
curves for the high-degree and centrality heuristics, which leap up
to about 2415 activated nodes, but make virtually no progress after-
wards. The greedy algorithm, on the other hand, takes the effect of
the first chosen node into account, and targets nodes with smaller

0

500

1000

1500

2000

2500

3000

0 5 10 15 20 25 30

ac
tiv

e 
se

t s
iz

e

target set size

greedy
high degree

central
random

Figure 4: Independent cascade model with probability 10%

marginal gain afterwards. Hence, its active set keeps growing, al-
though at a much smaller slope than in other models.

The random heuristic does not do as well initially as the other
heuristics, but with sufficiently many attempts, it eventually hits
some highly influential nodes and becomes competitive with the
centrality-based node choices. Because it does not focus exclu-
sively on central nodes, it eventually targets nodes with additional
marginal gain, and surpasses the two centrality-based heuristics.

4. A GENERAL FRAMEWORK FOR INFLU-
ENCE MAXIMIZATION

General Threshold and Cascade Models. We have thus far been
considering two specific, widely studied models for the diffusion
of influence. We now propose a broader framework that simulta-
neously generalizes these two models, and allows us to explore the
limits of models in which strong approximation guarantees can be
obtained. Our general framework has equivalent formulations in
terms of thresholds and cascades, thereby unifying these two views
of diffusion through a social network.

• A general threshold model. We would like to be able to
express the notion that a node v’s decision to become ac-
tive can be based on an arbitrary monotone function of the
set of neighbors of v that are already active. Thus, associ-
ated with v is a monotone threshold function fv that maps
subsets of v’s neighbor set to real numbers in [0, 1], sub-
ject to the condition that fv(∅) = 0. The diffusion pro-
cess follows the general structure of the Linear Threshold
Model. Each node v initially chooses θv uniformly at ran-
dom from the interval [0, 1]. Now, however, v becomes active
in step t if fv(S) ≥ θv , where S is the set of neighbors of v
that are active in step t − 1. Note that the Linear Threshold
Model is the special case in which each threshold function
has the form fv(S) =

∑
u∈S bv,u for parameters bv,u such

that
∑

u neighbor of v

bv,u ≤ 1.

• A general cascade model. We generalize the cascade model
to allow the probability that u succeeds in activating a neigh-
bor v to depend on the set of v’s neighbors that have already
tried. Thus, we define an incremental function pv(u, S) ∈
[0, 1], where S and {u} are disjoint subsets of v’s neighbor

Experimental Results from Kempe, Kleinberg, Tardos (2003): “Maximizing the spread
of influence through a social network,” KDD-03.
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What do these experiments suggest

Cearly the main suggestion is that the marginal gain greedy not only
gaurantees a good (expected) “social welfare”, it outperforms the
other three simple methods for this specific social network. For
example, why should marginal gain greedy outperform the highest
degree method?

The naive random method has the worst performance.

The improved performance of the marginal gain greedy algorithm
comes at a cost, namely having to simulate the process many times
to achieve a good candidate for the next node to influence. This can
be prohibitive for a large network. There is recent work that addresses
the issue of efficiency for large networks.
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Some lessons to be learned about influence in a
social network (Chapter 19)

In population-level effects, it can be relatively difficult for a new
technology/product/idea to get past a tipping point

In contrast in social networks, new products/ideas (rumours) can
spread extensively and quickly.

But tightly knit communities (clusters) can stall the spread.

We saw in the early part of the course that weak ties are often bridges
or local bridges between different communities.

Hence such weak ties may convey some degree of awareness to
another community but not likely to change behaviour especially if
that change has risks as in political movements and high stakes
economic decisions.
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Further considerations (collective action)

Section 19.6 seems to have been (but was not) written after events
during the last few years in the mideast, Hong Kong and even
Toronto on a smaller scale.

The discussion here begins to combine aspects of social network
interaction (e.g. transmitting information) with direct benefit
population effects (being part of a large demonstration).

In particular, the organization for demonstrations against a regime
can begin with discussions within a community but for someone to
participate, it usually takes some knowledge that there will be a
sufficiently large population wide participation.

On a smaller scale, when challenging a mayor or a CEO, the same
phenomena may be operating.
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Knowledge and common knowledge
Our first example of a tightly knit community blocking a complete cascade occurred even
when everyone knew the common threshold q.

A uniform threshold is not that realistic in any reasonable size social network.
I We might have a sense of the thresholds for our friends but not of all their friends (and their

friends friends, etc.)

The example in Figure 19.14 illustrates the impact of limited knowledge even when
everyone knows the entire network but only knows their friends and their own absolute
(i.e. not fractional in this example) thresholds.

Here threshold k means that the node (being me) will participate if at least k people
(including myself) will do so.
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Figure 19.14: Each node in the network has a threshold for participation, but only knows
the threshold of itself and its neighbors.

is a principle that applies widely, not just in settings where a central authority is actively

working to restrict information. For example, a survey conducted in the U.S. in 1970 (and

replicated several times in the surrounding years with similar results) showed that while

only a minority of white Americans at that point personally favored racial segregation,

significantly more than 50% believed that it was favored by a majority of white Americans

in their region of the country [331].

A Model for the Effect of Knowledge on Collective Action. Let’s consider how the

structure of the underlying social network can affect the way people make decisions about

collective action, following a model and a set of illustrative examples proposed by Michael

Chwe [109, 110]. Suppose that each person in a social network knows about a potential

upcoming protest against the government, and she has a personal threshold which encodes

her willingness to participate. A threshold of k means, “I will show up for the protest if I

am sure that at least k people in total (including myself) will show up.”

The links in the social network encode strong ties, where the two endpoints of each link

trust each other. Thus, we assume that each person in the network knows the thresholds

of all her neighbors in the network, but — due to the risky nature of communication about

dissent in this society — does not know the thresholds of anyone else. Now, given a network

with a set of thresholds, how should we reason about what is likely to happen?

Let’s consider the examples in Figure 19.14, which show some of the subtleties that arise

here. Scaling down our notion of “uprising” to a size commensurate with these 3-4 person

examples, suppose that each node represents one of the senior vice-presidents at a company,

each of whom must decide whether to actively confront the unpopular CEO at the next day’s

board meeting. It would be disastrous to do so without reasonable support from the others,

so each is willing to confront the CEO provided that at least a certain number of them do

[Fig 19.14, E&K]
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Further considerations: competitive influence spread

In many economic, social, and political settings the spread of
influence is a competitive process.

It may be that both technologies (political factions, etc.) A and B are
competing for new adopters in a social network by promotion via an
initial set of adopters (people with vested interests, etc.).

There are many models for how such competition is resolved.

One possibility is to use the stochastic independent cascade model
and then the first technology (political faction, etc.) to have a “path
of adoption” succeeds (breaking ties in some manner).

That is, after the edge probabilities are instantiated, we consider the
shortest paths to a node (if any exist) from the initial adopters (party
faithful, etc.) to the initially uncommitted.
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The Wave Propagation Process

Two technologies A and B with their sets of initial adopters IA and IB .

Technology spreads according to the Independent Cascade process.

If a node is successfully infected at the same step t by both
I set of nodes VA that adopt technology A
I set of nodes VB that adopt technology B

it will adopt technology A with probability
|VA|

|VA|+ |VB |

z

x

y v

b

a

1

1

1

.5

.5

1

Example

Pr [v adopts A | x , z reached v ] = 1
2

Pr [v adopts A | x , y , z reached v ] = 1
3
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Further considerations: the “bilingual option”
In the advanced material (Section 19.7C), the possibility of a third
option is considered.

Here the model allows an individual to maintain both technologies
(languages, ideologies, cultural practices) but at a cost c .

Every individual now can choose to be unilingual (adopting just A or
just B) or to be bilingual adopting both (denoted AB).

Ignoring the cost, the coordination benefit (for each edge) is
represented in Figure 19.18.
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v

w
A B AB

A a, a 0, 0 a, a
B 0, 0 b, b b, b

AB a, a b, b (a, b)+, (a, b)+

Figure 19.18: A Coordination Game with a bilingual option. Here the notation (a, b)+

denotes the larger of a and b.

r s u w yvxz

Figure 19.19: An infinite path, with nodes r and s as initial adopters of A.

It’s easy to see that AB is a dominant strategy in this game: why not be bilingual when

it gives you the best of both worlds? However, to model the trade-off discussed earlier, we

need to also incorporate the notion that bilinguality comes with a cost — the meaning of

the cost varies with the context, but the cost in general corresponds to the additional effort

and resource expenditure needed to maintain two different behaviors. Thus, we assume that

each node v will play a copy of this three-strategy Bilingual Coordination Game with each

of its neighbors; as in our models earlier in the chapter, v must use the same strategy in

each copy of the game it plays. Its payoff will be equal to the sum of its payoffs in its game

with each neighbor, minus a single cost of c if v chooses to play the strategy AB. It is this

cost that creates incentives not to play AB, balancing the incentives that exist in the payoff

matrix to play it.

The remainder of the model works as before. We assume that every node in an infinite

network starts with the default behavior B, and then (for non-strategic reasons) a finite set S

of initial adopters begins using A. We now run time forward in steps t = 1, 2, 3, . . .; in each of

these steps, each node outside S chooses the strategy that will provide it the highest payoff,

given what its neighbors were doing in the previous step. We are interested in how nodes

will choose strategies as time progresses, and particularly which nodes eventually decide to

switch permanently from B to A or AB.

An Example. To get some practice with the model, let’s try it on the infinite path shown

in Figure 19.19. Let’s suppose that nodes r and s are the initial adopters of A, and that the

payoffs are defined by the quantities a = 2, b = 3, and c = 1.

Here is how nodes behave as time progresses. In the first time step, the only interesting

decisions are the ones faced by nodes u and v, since all other nodes are either initial adopters

(who are hard-wired to play A) or nodes that have all neighbors using B. The decisions faced

Figure : A Coordination Game with a bilingual option. Here the notation (a, b)+

denotes the larger of a and b. [Fig 19.18, E&K]
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A concluding comment for chapter 19

The last sentence of the chapter makes the final comment:

Even small extensions such as the one considered here (the
bilingual option) can introduce significant new sources of
complexity, and the development of even richer extensions is
an open area of research.

Indeed such analytic studies of influence spread in more complex
networks is an emerging field of significant research interest impacting
computer science, sociology, economics, and political science.
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