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Announcements

Assignment 3 is due this Wednesday, start of class.

Term test 2 will take place Friday, February 12 in the lecture room.

Scope will include some or all of the following topics: matching
markets, stable matchings, hubs and authorities/page rank algorithms
for ranking pages, VCG and GSP applied to adwords auctions.

I will not include cascades (chapter 16) and direct benefit effects
(chapter 17) in this term test but they will surely be on the next (and
final assignement) as well as probably on the next quiz and the final
exam.
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Todays agenda

Review and finish discussion Chapter 17 (direct benefit effects)

Note

The goal is to qualitatively understand the dynamics of market demand in
a stylized (but still interesting) setting.

I Some mathematics is needed to get a clearer “picture” but the
“big picture” is what is important here.

I What kind of conclusions can be inferred from such an understanding?

For whatever time is left, remaining part of today will be a tutorial
session as the TAs and I have been receiving questions relating to the
assignment that is due Wednesday.
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Lets review the big “picture” (but first in words) for
market demand dynamics
We are considering the demand for a good, participation in a club,
subscriptions to a newspaper, etc. where we assume an unlimited supply
of the good being produced, offered, etc. at some fixed price p.

Individual x in [0, 1]

Each x has an intrinsic value r(x) (in text called reserve price) for
participating and we assume the function r(x) is continuous and
strictly decreasing.

Interesting prices satisfy r(0) > p > r(1) and that will be the
assumption.

The (overall) value that x has for participating also depends on the
current demand (level of participation) z . This is defined (for the
purposes of this chapter) as the product r(x)f (z) where f is
increasing.
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Summarizing the model

Given a fixed price p∗, and a current market demand (participation
level) being a fraction z of current users, an individual will want to
participate if and only if their overall value r(x)f (z) is at least p∗.

We first assume that f (0) = 0 so that we assume there is no one
willing to participate if there is no current participation.

Since function r has maximum value r(0), for any z , there will not be
any participation if r(0)f (z) < p∗.

So starting at some demand level z = z0 (with r(0)f (z) at least p∗)
our big picture goal will be to understand how the market demand
will evolve over time.
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What if everyone makes a perfect (shared)
prediction?

Assumption

If everyone makes the same prediction about the fraction z buying the
good, and then every consumer x decides to buy based on whether or not
r(x)f (z) is at least p∗, then (eventually) the fraction of adopters will
actually be this z .

This is called a self-fulfilling expectations equilibrium for the quantity
z (at price p∗ > 0).

For a fixed z , as x increases, r(x)f (z) decreases, so we have:

Fact

If p∗ > 0 and z in (0, 1) is a self fulfilling expectations equilibrium at p∗,
then p∗ = r(z)f (z). By the assumption that f (0) = 0, z = 0 is also a
self-fulfilling expectations equilibrium.
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Recalling the case of r(x) = 1− x and f (z) = z
As an example of the model, the text considers the decreasing reserve
price (intrinsic value) function r(x) = 1 − x and the increasing direct
benefit function f (z) = z .
Then in addition to z = 0, a self-fulfilling expectations equilibrium
z > 0 must satisfy p∗ = (1 − z)z for a given price p∗.
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Figure 17.3: Suppose there are network effects and f(0) = 0, so that the good has no value to
people when no one is using it. In this case, there can be multiple self-fulfilling expectations
equilibria: at z = 0, and also at the points where the curve r(z)f(z) crosses the horizontal
line at height p∗.

If the price p∗ > 0 together with the quantity z (strictly between 0 and 1) form a

self-fulfilling expectations equilibrium, then p∗ = r(z)f(z).

This highlights a clear contrast with the model of the previous section, in which network

effects were not present. There, we saw that in order to have more of the good sold, the price

has to be lowered — or equivalently, at high prices the number of units of the good that

can be sold is smaller. This follows directly from the fact that the equilibrium quantity x∗

without network effects is governed by p∗ = r(x∗), and r(x) is decreasing in x. The market

for a good with network effects is more complicated, since the amount of the good demanded

by consumers depends on how much they expect to be demanded — this leads to the more

complex equation p∗ = r(z)f(z) for the equilibrium quantity z. Under our assumption that

f(0) = 0, we’ve seen that one equilibrium with network effects occurs at price p∗ and z = 0:

Producers are willing to supply a zero quantity of the good, and since no one expects the

good to be used, none of it is demanded either.

A Concrete Example. To find whether other equilibria exist, we need to know the form

of the functions r(·) and f(·) in order to analyze the equation p∗ = r(z)f(z). To show how

this works, let’s consider a concrete example in which r(x) = 1 − x and f(z) = z. In this

case, r(z)f(z) = z(1 − z), which has a parabolic shape as shown in Figure 17.3: it is 0 at

z = 0 and z = 1, and it has a maximum at z = 1
2
, when it takes the value 1

4
. Of course, in

[Fig 17.3, E&K]
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What if beliefs about market demands are not
correct?

Changing the story (but not the model), assume that we are now
tracking participation in a given activity, say a large online social
network or involvement in a political movement.

I We view such participation as being more fluid than buying an object
unless the cost is minor.

I In the case of participation there are also maximum costs p∗ (monetary
or effort or reputation etc which can all be seen to be ultimately
“costs”) that a person will pay.

I Note that some online dating services do charge a fixed (say monthly)
fee to belong. And it could be that services like Linkedin of other social
media sites will also start charging.

We maintain the same model that x will participate if and only if
r(x)f (z) is at least p∗.
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Discrete step dynamics

We will assume that at some initial time t = 0, the observable
demand level is z0. This will cause the demand to change to some z1
at time t = 1 and similarly the demand then changes to z2 at time
t = 2, etc.

That is, if everyone observes demand z at some point of time, then
the set of people participating at the next time step will be all those
people x in (0, ẑ ] where ẑ satisfies r(ẑ)f (z) = p∗.

That is, the next demand level will be

ẑ = g(z) = r−1
(

p∗

f (z)

)

Since r() is continuous and decreasing, such a solution will exist as
long as p∗/f (z) is at most r(0). Otherwise g(z) = 0.
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The same specific case of r(x) = 1− x , f (z) = z

For definiteness we will again take the specific case of r(x) = 1 − x
and f (z) = z . Hence r(0) = 1 and p∗/f (z) = p∗/z . So we want the
shared demand observation z to satisfy p∗/z = p∗/f (z) ≤ r(0) = 1 or
equivalently that z is at least p∗.

It is easy to verify that r−1(y) = 1 − y

Hence in this case, g(z) = r−1(p
∗

z ) = 1 − p∗

z when z ≥ p∗, and
g(z) = 0 otherwise.

So here again is the picture for this specific case.
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Change in demand for r(x) = 1− x , f (z) = z520 CHAPTER 17. NETWORK EFFECTS
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Figure 17.5: When r(x) = 1 − x and f(z) = z, we get the curve for g(z) shown in the
plot: g(z) = 1 − p∗/z if z ≥ p∗ and g(z) = 0 if z < p∗. Where the curve ẑ = g(z) crosses
the line ẑ = z, we have self-fulfilling expectations equilibria. When ẑ = g(z) lies below the
line ẑ = z, we have downward pressure on the consumption of the good (indicated by the
downward arrows); when ẑ = g(z) lies above the line ẑ = z, we have upward pressure on the
consumption of the good (indicated by the upward arrows). This indicates visually why the
equilibrium at z� is unstable while the equilibrium at z�� is stable.

This provides a way of computing the outcome ẑ from the shared expectation z, but we

should keep in mind that we can only use this equation when there is in fact a value of ẑ

that solves Equation (17.1). Otherwise, the outcome is simply that no one purchases.

Since r(·) is a continuous function that decreases from r(0) down to r(1) = 0, such a

solution will exist and be unique precisely when
p∗

f(z)
≤ r(0). Therefore, in general, we can

define a function g(·) that gives the outcome ẑ in terms of the shared expectation z as follows.

When the shared expectation is z ≥ 0, the outcome is ẑ = g(z), where

• g(z) = r−1

�
p∗

f(z)

�
when the condition for a solution

p∗

f(z)
≤ r(0) holds; and

g(z) = 0 otherwise.

Let’s try this on the example illustrated in Figure 17.3, where r(x) = 1−x and f(z) = z.

In this case, r−1(x) turns out to be 1 − x. Also, z(0) = 1, so the condition for a solution
p∗

f(z)
≤ r(0) is just z ≥ p∗. Therefore, in this example

[Fig 17.5, E&K]
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We would expect to see a smoother convergence
below the tipping point17.4. A DYNAMIC VIEW OF THE MARKET 521
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z = z

z = g(z)

Figure 17.6: The curve g(z), and its relation to the line ẑ = z, illustrates a pattern that we
expect to see in settings more general than just the example used for Figure 17.5.

g(z) = 1 − p∗

z
when z ≥ p∗, and g(z) = 0 otherwise.

We can plot the function ẑ = g(z) as shown in Figure 17.4. Beyond the simple shape of the

curve, however, its relationship to the 45o line ẑ = z provides a striking visual summary of the

issues around equilibrium, stability, and instability that we’ve been discussing. Figure 17.5

illustrates this. To begin with, when the plots of the two functions ẑ = g(z) and ẑ = z cross,

we have a self-fulfilling expectations equilibrium: here g(z) = z, and so if everyone expects a

z fraction of the population to purchase, then in fact a z fraction will do so. When the curve

ẑ = g(z) lies below the line ẑ = z, we have downward pressure on the consumption of the

good: if people expect a z fraction of the population to use the good, then the outcome will

underperform these expectations, and we would expect a downward spiral in consumption.

And correspondingly, when the curve ẑ = g(z) lies above the line ẑ = z, we have upward

pressure on the consumption of the good.

This gives a pictorial interpretation of the stability properties of the equilibria. Based on

how the functions cross in the vicinity of the equilibrium z��, we see that it is stable: there

is upward pressure from below and downward pressure from above. On the other hand,

where the curves cross in the vicinity of the equilibrium z�, there is instability — downward

pressure from below and upward pressure from above, causing the equilibrium to quickly

unravel if it is perturbed in either direction.

The particular shape of the curve in Figure 17.5 depends on the functions we chose in our

[Fig 17.6, E&K]
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Discrete step dynamic behaviour
Starting at some initial observable demand z0, we generate future
demands according to zt+1 = g(zt) for each time step t = 0, 1, 2, . . .

Figure : The g(z) curve. [Fig 17.9, E&K]
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Equilibrium Points
The previous picture show a particular sequence of demand levels
converging to a point z . Such a point is an equilibrium point (what
the text calls a self-fulfilling expectations equilibrium).

Recall how such an equilibrium is defined?

A demand level z is an equilibrium if when everyone makes the same
prediction about fraction z participating, and every consumer x decides
based on whether or not r(x)f (z) is at least p∗, then the demand fraction
will continue to be z .

Once we establish what are the equilibrium points, the dynamic
discrete step picture allows us to visualize

if and how we would converge to any such equilibrium for the process
determined by functions r and f given how the g in zt+1 = g(zt) is

determined by functions r and f
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Recalling the definition of g and dynamic step
behaviour

We have
I At some initial time t = 0, the observable demand level is z0.
I For any t, zt+1 = g(zt)

That is, if everyone observes demand z at some point of time, then
the set of people participating at the next time step will be all those
people x in (0, ẑ ] where ẑ satisfies r(ẑ)f (z) = p∗.

That is, the next demand level will be

ẑ = g(z) = r−1
(

p∗

f (z)

)

Such a solution will exist as long as p∗/f (z) is at most r(0).
Otherwise g(z) = 0.

15 / 1



Recalling g for the specific r(x) = 1− x , f (x) = x ?

For the specific case of r(x) = 1 − x and f (z) = z we have
1 r(0) = 1
2 r−1(y) = 1 − y and
3 p∗/f (z) = p∗/z .

So in this case

g(z) = r−1
(
p∗

z

)
= 1 − p∗

z

For such a solution g(z), we need p∗/f (z) = p∗/z is at most
r(0) = 1 so that z has be at least p∗; else g(z) = 0. (This is a cold
start problem of how to achieve a sufficient initial demand and we will
return to this issue.)
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Some more qualitative comments
Dynamic demand change is the result of a myopic best response by all
individuals at to whether or not to continue to participate.

I With direct benefit effects, equilibria are typically not socially optimal.
Why? And what is social welfare in this setting?

The marketing of any product or membership will not succeed if we
do not get past the tipping point. Here we are assuming f (0) = 0 and
we will see the situation changes when f (0) > 0.

All things being equal, being the product first to tipping point is very
important. But all things are not equal and markets change.
Producers can sometimes use established reputation (branding) along
with special offers and new features to overtake early market control.

For the specific example we have been considering there is only one
stable equilibrium and when we can get past the unstable z ′ the
demand will move to the stable equilibrium z ′′.

I It makes sense to initially have low (maybe unprofitable) prices and
even give away things initially.
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The tragedy of the “anti-commons”
There is a well studied phenomena (see section 24.2 of the text)
called “The tragedy of the commons” so named in a 1968 article by
Hardin based on 1833 essay by LLoyd.
Wikipedia defines the phenomena as follows: The Tragedy of the
commons is an economic theory which states that individuals acting
independently and rationally according to each’s self-interest, behave
contrary to the best interests of the whole group, by depleting some
common resource.
The fact that individuals act myopically (in assuming that todays
demand for a resource will be tomorrows demands) leads to a similar
but different phenomena that we can call “The tragedy of the
anti-commons”.
That is, the collective low-usage of a resource (i.e., the opposite of
depletion) can also lead to an overall decrease in social welfare.
Here , social welfare is defined as the sum of all individual reservation
prices (for those who purchase or subscribe) minus the total price of
producing the good.
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How do things change when f (0) > 0?

We are still assuming f (z) is increasing but now don’t have to be as
concerned with the “cold start” problem; that is, individuals may have
some minimum value independent of other users.

The text now considers the same r(x) = 1 − x and a different
f (z) = 1 + az2 so that now we always have f (z) ≥ 1 and assuming
0 < p∗ < 1, we have

1 = r(0) > p > r(1)

Therefore, we will always have a solution since p∗/f (z) < 1.

Hence as before we have

g(z) = r−1
(

p∗

f (z)

)
= 1 − p∗

1 + az2

A market of zero users is no longer an equilibirum! Even if everyone
believes there might not be any other users, some perople will still
want to purchase because of their own intrinsic value for the item.
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New dynamics: From zero demand to a small
equilibirum demand530 CHAPTER 17. NETWORK EFFECTS
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z = z
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(z   , z  )1 1

(z   , z  ) 0 0 = (0,0)
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Figure 17.11: The audience grows dynamically from an initial size of zero to a relatively
small stable equilibrium size of z∗.

g(z) = r−1

�
p∗

f(z)

�
when the condition for a solution

p∗

f(z)
≤ r(0) holds; and

g(z) = 0 otherwise.

As before, we have r−1(x) = 1 − x. Since in our case r(0) = 1, f(z) ≥ 1, and p∗ < 1, this

means that the condition for a solution
p∗

f(z)
≤ r(0) will always hold. Plugging this into the

formula for g(z), we get

g(z) = 1 − p∗

1 + az2
.

When we plot this function ẑ = g(z) together with the 45o line ẑ = z, we get something

that looks like Figure 17.10.

Growing an Audience from Zero. In our earlier model with f(0) = 0, an audience size

of zero was a stable equilibrium: if everyone expected that no one would use the product,

then no one would. But when f(0) > 0, so that the product has value to people even when

[Fig 17.11, E&K]
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Lowering the price to some q∗

Bottleneck becomes small passageway

Now we have g(z) = r−1
(

q∗

f (z)

)
= 1 − q∗

1+az2

[Fig 17.13, E&K]
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Figure 17.13: The small reduction in price that shifted the curve ẑ = g(z) has a huge effect
on the equilibrium audience size that is reached starting from zero.

an audience that grows gradually and organically, starting from no users at all, rather than

one that needs to be pushed by other means over an initial tipping point.

Bottlenecks and Large Changes. The firm marketing the product in our example,

however, may well want more than what it gets in Figure 17.11. Although the audience

grows to some size z∗ on its own, there is a much higher stable equilibrium, shown in

the figure at (z∗∗, z∗∗), that would be much more desirable if only it could be reached. But

starting from zero, the audience doesn’t reach this high equilibrium z∗∗, because it is blocked

by a “bottleneck” that stops it at z∗.

Here is where we get to the surprising phenomenon at the heart of this example: small

changes in the properties of the market can cause enormous changes in the size of the

equilibrium audience that is reached, starting from zero [192]. Suppose that the firm is able

to lower the price p∗ slightly, to some new value q∗ < p∗. Then we get a new function h(z)
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