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Announcements and Outline

Announcements
I I have added questions to and finalized Assignment 3.
I Upcoming due dates:

1 Quiz 6 is on February 5 (scope to be announced next Monday)
2 Assignment 3 is due on February 10
3 Term test 2 is on February 12
4 February 15-19 Reading Week

Todays agenda

I Review sponsored search (Chapter 15) and sponsored search as a
matching markets problem.

I VCG and GSP prices
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Selling slots in sponsored search

Google, Bing and other search engines display several paid
advertisements along with the unpaid algorithmic “organic” ranking
of documents in response to any query.

Altavista and Yahoo did initially take payments for improved rankings.
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Rather than negotiating prices for various (say common) search terms
or a promise of a certain number of impressions for particular
keywords, there is an ongoing automated auction for the paid slots.

What is the nature of this auction?

How does Google assign slots and charge prices for a given query?
Cannot know for sure, but fair to say that Google and others are
believed to use variants of what we will be discussing.

We will follow the text noting that this is a high level view focusing
on the algorithmic aspects of the auction.

Some important aspects are not considered and still the process is
technically involved. It is an area of active research.
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Matching markets and the adwords problem
The adword problem (i.e. bidding for slots) is an example of matching
markets as discussed in Chapter 10.

In a matching market, we have sellers for each item (or one common
seller for all the items) and buyers desiring those items where say
buyer/agent j has some intrinsic value v(i , j) for item i .

This is a generalization of a single item auction but it is a special case
(i.e. we are assuming unit demand) of general combinatorial auctions.

In the adwords problem, the items are slots, each slot i having a
clickthrough rate r(i) and an advertiser j having an expected value
v(j) for a click of the advertisement.

We assume that each advertiser wants just one slot and we assume
(the separability assumption) that the value of slot i for advertiser j is
v(i , j) = r(i) · v(j).
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The stated assumptions
Before preceding to the game theoretic aspect where advertisers are not
necessarily making truthful bids as to their revenue per click values, we
make the following assumptions:

Advertisers and the search engine know the click-through rates. (This
is not a worrisome assumption as statistics are kept.)

Click-through rate is independent of the quality and relevance of ad.
I This is not a valid assumption and the text goes on to show how to

correct this.
I Namely, we need to incorporate a quality factor q(j) depending on the

appropriateness of the advertiser j ’s ad to the query.
I This changes click-through to be q(j)r(i) if advertiser j gets slot i .

Equivalently, we can think of this as altering the valuation per click to
be v ′(j) = q(j)v(j).

I Hence the value v(i , j) becomes r(i)q(j)v(j) = r(i)v ′(j).

The click-through rate and valuations do not depend on what is in
the other slots.

I This is also not a valid assumption and is a complex issue. That is, we
are assuming no externalities
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The quality factor q(j)

It is the search engine that determines the quality factor q(j)
⇒ essentially a search ranking problem using the proposed ads as the
documents to be ranked.

Overture (and then Yahoo which bought Overture) did not initially
use a quality factor q(j) for measuring the appropriateness of the
advertisement for the query

It was Google that incorporated this critical factor.

Since a search engine makes its profit by the number of clicks, giving
out slots just on the basis of an advertiser’s valuation turned out to
be a bad mistake.
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Weighted bipartite graph of advertisers and slots

Without loss of generality we can assume that all edges exist and there an
equal number of advertisers and slots.
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Figure 15.2: In the basic set-up of a search engine’s market for advertising, there are a certain
number of advertising slots to be sold to a population of potential advertisers. Each slot has
a clickthrough rate: the number of clicks per hour it will receive, with higher slots generally
getting higher clickthrough rates. Each advertisers has a revenue per click, the amount of
money it expects to receive, on average, each time a user clicks on one of its ads and arrives
at its site. We draw the advertisers in descending order of their revenue per click; for now,
this is purely a pictorial convention, but in Section 15.2 we will show that the market in fact
generally allocates slots to the advertisers in this order.

sue: a relevant, high-quality ad in a high slot will receive more clicks than an off-topic ad,

and in fact we will describe how to extend the basic models to deal with ad relevance and ad

quality at the end of the chapter. The third assumption — interaction among the different

ads being shown — is a more complex issue, and it is still not well understood even within

the search industry.

This is the full picture from the search engine’s side: the slots are the inventory that it is

trying to sell. Now, from the advertisers’ side, we assume that each advertiser has a revenue

per click: the expected amount of revenue it receives per user who clicks on the ad. Here too

we will assume that this value is intrinsic to the advertiser, and does not depend on what

was being shown on the page when the user clicked on the ad.

This is all the information we need to understand the market for a particular keyword:

the clickthrough rates of the slots, and the revenues per click of the advertisers. Figure 15.2

shows a small example with three slots and three advertisers: the slots have clickthrough

rates of 10, 5, and 2 respectively, while the advertisers have revenues per click of 3, 2, and 1

respectively.

[Fig 15.2, E&K]
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Setting v(i , j) = r(i)v ′(j)
Let r(i) be the click-through rate for slot i
(= number of clicks per say hour)

Let v ′(j) be the (expected) revenue per click for the jth advertiser.

Usually one assumes that the click-through rates favour the top slots;
more specifically we assume r(i) > r(i + 1).
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Figure 15.3: The allocation of advertising slots to advertisers can be represented as a match-
ing market, in which the slots are the items to be sold, and the advertisers are the buyers.
An advertiser’s valuation for a slot is simply the product of its own revenue per click and
the clickthrough rate of the slot; these can be used to determine market-clearing prices for
the slots.

Constructing a Matching Market. We now show how to represent the market for a

particular keyword as a matching market of the type we studied in Chapter 10. To do this,

it is useful to first review the basic ingredients of matching market from Chapter 10.

• The participants in a matching market consist of a set of buyers and a set of sellers.

• Each buyer j has a valuation for the item offered by each seller i. This valuation can

depend on the identities of both the buyer and the seller, and we denote it vij.

• The goal is to match up buyers with sellers, in such a way that no buyer purchases two

different items, and the same item isn’t sold to two different buyers.

To cast the search engine’s advertising market for a particular keyword in this framework,

we use ri to denote the clickthrough rate of slot i, and vj to denote the revenue per click of

advertiser j. The benefit that advertiser j receives from being shown in slot i is then just

rivj, the product of the number of clicks and the revenue per click.

In the language of matching markets, this is advertiser j’s valuation vij for slot i — that

is, the value it receives from acquiring slot i. So by declaring the slots to be the sellers,

the advertisers to be the buyers, and the buyers’ valuations to be vij = rivj, the problem

of assigning slots to advertisers is precisely the problem of assigning sellers to buyers in a

matching market. In Figure 15.3(a), we show how this conversion is applied to the example in

Figure 15.2, yielding the buyer valuations shown. As this figure makes clear, the advertising

set-up produces a matching market with a special structure: since the valuations are obtained

[Fig 15.3 (a), E&K]
9 / 1



Maximum value matching

Fact (as discussed in matching markets)

The problem of computing a maximum value matching in a bipartite
graph (or any graph) can be computed optimally in time O(|V |2.5).

But as noted in the text, for the separable case that v(i , j) = r(i)v(j)
(or r(i)v ′(j) = r(i)q(j)v(j)), the maximum matching problem is very
simple; namely, assuming r(i) > r(i + 1), greedily give out slots in
order of the modified valuations v ′(j).442 CHAPTER 15. SPONSORED SEARCH MARKETS
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Constructing a Matching Market. We now show how to represent the market for a

particular keyword as a matching market of the type we studied in Chapter 10. To do this,

it is useful to first review the basic ingredients of matching market from Chapter 10.

• The participants in a matching market consist of a set of buyers and a set of sellers.

• Each buyer j has a valuation for the item offered by each seller i. This valuation can

depend on the identities of both the buyer and the seller, and we denote it vij.

• The goal is to match up buyers with sellers, in such a way that no buyer purchases two

different items, and the same item isn’t sold to two different buyers.

To cast the search engine’s advertising market for a particular keyword in this framework,

we use ri to denote the clickthrough rate of slot i, and vj to denote the revenue per click of

advertiser j. The benefit that advertiser j receives from being shown in slot i is then just

rivj, the product of the number of clicks and the revenue per click.

In the language of matching markets, this is advertiser j’s valuation vij for slot i — that

is, the value it receives from acquiring slot i. So by declaring the slots to be the sellers,

the advertisers to be the buyers, and the buyers’ valuations to be vij = rivj, the problem

of assigning slots to advertisers is precisely the problem of assigning sellers to buyers in a

matching market. In Figure 15.3(a), we show how this conversion is applied to the example in

Figure 15.2, yielding the buyer valuations shown. As this figure makes clear, the advertising

set-up produces a matching market with a special structure: since the valuations are obtained

[Fig 15.3 (b), E&K]
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Some unstated assumptions/issues

Advertisers usually state a bid per click v(j) and also a maximum
budget Budget(j) which cannot be exceeded.

The conversion rate (when click becomes purchase) can often be
higher for slots not quite at the top.

Advertisements can vary in the amount of space they occupy.

Advertisers might want to vary the space and valuation depending on
which slot they receive.

The search engine can (and usually will) have a reserved price for
slots or charge calculated price + some nominal amount (say $.01 per
click).

This is a repeated game where advertisers are constantly monitoring
and changing their bids.
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The quality factor revisited

As noted, it is the search engine that determines the quality factor
q(j) and this is essentially a search ranking problem using the
proposed ads as the documents to be ranked.

In practice the quality factor may depend on much more than the
advertisement. There are additional factors that influence the quality
factor such as:

1 As noted, the auction for a given adword is a repeated game and the
search engine (and advertiser) may want to spread out ones ad
placements for an adword by not exhausting ones daily budget quickly.

2 The search engine can keep track of a given user’s queries and that
might change the quality factor for a particular ad.

F For example, previous queries might indicate that the user is very
interested in a car purchase and hence an auto ad might be appropriate
even if the given query (i.e. adword) isn’t so suggestive of an auto
purchase.

3 The search engine might come to understand that the ad itself is
misleading and will then bar the advertiser from the auction
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Should advertisers be truthful about their valuation
per click?

Just as in single item auctions, advertisers (as agents) might not want
to reveal their true valuations for various slots.

But unlike more general combinatorial auctions:
I We can efficiently compute an allocation in matching markets that is

socially optimal which allows us to efficiently utlilize the
Vickrey-Clarke-Groves (VCG) auction. And for the basic way we are
setting v(i , j) (say ignoring the quality factor) we can simply assign by
sorting the v(j) values and assigning slots “greedily” to achieve the
optimal social welfare.

I VCG generalizes the Vickery second price single item auction.
I VCG computes an optimal allocation (with respect to social welfare)

and then sets “VCG prices”.

Recall: VCG prices are based on the following idea:

Every agent is charged a price equal to the total amount of additional
valuation (to other agents) if that agent were not present.
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What this means for a matching market
VCG prices are independent of ones own bid. For a matching market
they have a very nice form; namely the price that agent j pays to get
slot i is determined by the other bids as follows:

pij = V S
B−j − V S−i

B−j

Here pij is the price paid and V S
B−j (resp. V S−i

B−j ) is the optimum social
welfare with set S (resp. S − {i}) of sellers/items and set B − {j} of
buyers (with respect to any set of bids made by the other agents).

The VCG mechanism is truthful; that is bidding truthfully is a
dominant strategy for the agents and by definition provides a socially
optimal allocation. Note that this claim regarding truthfulness holds
generally whenever the global objective is the social welfare (i.e. sum
of all agents valuations).
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Why VCG is truthful and therefore optimal for social
welfare? The argument for a matching market.

Since the price pij is determined by the other agents bids
(independent of agent j ’s bid for item i), the only deviation from
truthfulness will be if agent j can change the item received (say from
item i to item h).

Thus to show truthfulness, it suffices to show there is no gain in j ’s
utility in obtaining item h instead of item i . That is,

vij − pij ≥ vhj − phj

Using the VCG prices this becomes the following:

vij − [V S
B−j − V S−i

B−j ] ≥ vhj − [V S
B−j − V S−h

B−j ]

Which simplifies to

vij + V S−i
B−j ≥ vhj + V S−h

B−j

We argue that the left hand side is V S
B while the right hand side is at

most V S
B since it restricts solutions to assign slot h to agent j .
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Figure illustrating why VCG is truthful450 CHAPTER 15. SPONSORED SEARCH MARKETS

i j

V
S-i

B-j

(a) vij +V S−i
B−j is the maximum valuation of any

matching.

h

j

V
S-h

B-j

(b) vhj + V S−h
B−j is the maximum valuation only

over matchings constrained to assign h to j.

Figure 15.5: The heart of the proof that the VCG procedure encourages truthful bidding
comes down to a comparison of the value of two matchings.

her item i. Then her payoff is vij − pij. We want to show that buyer j has no incentive to

deviate from a truthful announcement.

If buyer j decides to lie about her valuations, then one of two things can happen: either

this lie affects the item she gets, or it doesn’t. If buyer j lies but still gets the same item

i, then her payoff remains exactly the same, because the price pij is computed only using

announcements by buyers other than j. So if a deviation from truth-telling is going to be

beneficial for buyer j, it has to affect the item she receives.

Suppose, therefore, that buyer j lies about her valuations and gets item h instead of item

i. In this case, her payoff would be vhj − phj. Notice again that the price phj is determined

only by the announcements of buyers other than j. To show that there is no incentive to lie

and receive item h instead of i, we need to show that

vij − pij ≥ vhj − phj.

[Fig 15.5, E&K]

Figure : The heart of the proof that the VCG procedure encourages truthful
bidding comes down to a comparison of the value of two matchings.
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VCG recap

Most important property: the price that agent j pays for its
allocation (in this case slot i) is determined by the other bids. The
argument presented shows that VCG is truthful no matter what the
other agents bid (i.e. whether truthful or not).

But the VCG truthfulness depends on the optimality of the allocation.
Even an algorithm which is very close to being optimal might still not
be incentive compatible (i.e. have prices that will make truthfulness a
dominant strategy).

Note that VCG generalizes Vickery auctions for a single item since the
“harm” caused to the other agents (in this case just one agent) is
precisely the second highest price.
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Does Google use VCG?

So. . . since we have an optimal maximum value matching algorithm,
we should be done?

But Google (and other search companies) use something called
generalized second-price auction (GSP) in determining its prices.

I When agent j is allocated slot i , it pays the expected revenue for slot i
that would be obtained by the bid that won slot i + 1.

I This is essentially then the lowest bid that agent j can make and still
obtain slot i .

As the name suggests GSP is also a generalization of the Vickery
second price auction and initially it was thought (by Google and by
advertisers) that GSP was VCG or at least that it was truthful.

But as the text points out subsequent analysis showed that VCG and
GSP pricing is different and GSP is not in general truthful.
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Why did the search industry use GSP?
Reasons to use GSP Google adopted GSP when it was already in use
by other search engines. Intuitively,

I GSP is easier for advertisers (and us) to understand.
I It is a natural generalization of the second price auction for a single

item.
I We will see that although not truthful, GSP always has pure Nash

equilibria (NE) (i.e. bidding strategies) and we may want to think that
over time advertisers are learning to bid according to such NE.

The person responsible for choosing GSP thought it was truthful!

Google’s ultimate goal is not social welfare but revenue maximization.

We will see that there can be many different NE and depending on
the NE, the revenue can be more or less than the revenue of VCG.

And there is always a NE for GSP that matches the revenue of VCG.
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The good and the bad of GSP NEs

Bad:
I truth telling not necessarily a dominant strategy
I multiple NE some of which do not maximize social welfare (= total of

advertisers values for slots received)

Good: there is a NE which does maximize social welfare

Bad: Depending on which NE is chosen, revenue can be more or less
than VCG

The network in Figures 15.6 and 15.7 provides a nice example where
GSP is not truthful, and where

I there is an NE which is socially optimal and generates more revenue
than VCG

I An NE which is not socially optimal and generates less revenue than
VCG
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GSP equilibria examples
In GSP, bidding truthfully (at 7 per click) x will win slot a and have
utility 70− 60 = 10 whereas by lowering bid to 5 per click, x will win
slot b obtaining utility 28− 4 = 24.
The (x , y , z) bids (5, 4, 2) achieve revenue 10× 4 + 4× 2 = 48.
This is a socially optimal NE. What needs to be shown?
The (x , y , z) bids (3, 5, 2) achieve revenue 10× 3 + 4× 2 = 38.
This is an NE that is NOT socially optimal
VCG achieves revenue 44; 64− 24 = 40 from x and 4 from y .

454 CHAPTER 15. SPONSORED SEARCH MARKETS
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Figure 15.6: An example of a set of advertisers and slots for which truthful bidding is not
an equilibrium in the Generalized Second Price auction. Moreover, this example possesses
multiple equilibria, some of which are not socially optimal.

payoff is 70− 60 = 10. Now, if x were to lower its bid to 5, then it would get the second slot

for a price per click of 1, implying a cumulative price of 4 for the slot. Since its valuation

for the second slot is 7 · 4 = 28, this is a payoff of 28− 4 = 24, which is an improvement over

the result of bidding truthfully.

Multiple and non-optimal equilibria. The example in Figure 15.6 turns out to illus-

trate some other complex properties of bidding behavior in GSP. In particular, there is more

than one equilibrium set of bids for this example, and among these equilibria are some that

produce a socially non-optimal assignment of advertisers to slots.

First, suppose that advertiser x bids 5, advertiser y bids 4, and advertiser z bids 2. With

a little effort, we can check that this forms an equilibrium: checking the condition for z is

easy, and the main further things to observe are that x doesn’t want to lower its bid below

4 so as to move to the second slot, and y doesn’t want to raise its bid above 5 to get the

first slot. This is an equilibrium that produces a socially optimal allocation of advertisers to

slots, since x gets slot a, while y gets b and z gets c.

But one can also check that if advertiser x bids 3, advertiser y bids 5, and advertiser z

bids 1, then we also get a set of bids in Nash equilibrium. Again, the main thing to verify is

that x doesn’t want to raise its bid above y’s, and that y doesn’t want to lower its bid below

x’s. This equilibrium is not socially optimal, since it assigns y to the highest slot and x to

the second-highest.

There is much that is not understood in general about the structure of the sub-optimal

equilibria arising from GSP. For example, it is an interesting open question to try quantifying

[Fig 15.6, E&K]
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Figure 15.7: Representing the example in Figure 15.6 as a matching market, with advertiser
valuations for the full set of clicks associated with each slot.

how far from social optimality a Nash equilibrium of GSP can be.

The Revenue of GSP and VCG. The existence of multiple equilibria also adds to the

difficulty in reasoning about the search engine revenue generated by GSP, since it depends

on which equilibrium (potentially from among many) is selected by the bidders. In the

example we’ve been working with, we’ll show that depending on which equilibrium of GSP

the advertisers actually use, the revenue to the search engine can be either higher or lower

than the revenue it would collect by charging the VCG prices.

Let’s start by determining the revenue to the search engine from the two GSP equilibria

that we worked out above.

• With bids of 5, 4, and 2, the 10 clicks in the top slot are sold for 4 per click, and the 4

clicks in the second slot are sold for 2 per click, for a total revenue to the search engine

of 48.

• On the other hand, with bids of 3, 5, and 1, the 10 clicks in the top slot are sold for 3

per click, and the 4 clicks in the second slot are sold for 1 per click, for a total revenue

to the search engine of 34.

Now, how do these compare with the revenue generated by the VCG procedure? To work

out the VCG prices, we first need to convert the example from Figure 15.6 into a matching

market, just as we did in Section 15.2: for each advertiser and each slot, we work out the

advertiser’s valuation for the full set of clicks associated with that slot. We show these

valuations in Figure 15.7.

[Fig 15.7, E&K]
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Should a search engine use VCG or GSP?

As the text says, this is a complicated question.

Since a search engines ultimate goal is revenue, should it care about
social efficiency?

One can argue that over time, if there was a
competing social engine that is more socially efficient, then
advertisers might switch to use that search engine.

How would you set up a controlled experiment to gauge the
comparative social efficiency and revenue that would be obtained over
time by using VCG or GSP?

For one recent laboratory experimental study, see
https://www.dropbox.com/s/flz75k4ebcibyh7/Online
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