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QUESTION 1. [8 MARKS]

The following recurrence is derived from a first attempt divide-and-conquer algorithm for fast multiplication
of a pair of n-bit numbers:
1 ifn=1
T(n) = {

2T([n/2]) +2T(|n/2])+n ifn>1

Use repeated substitution (aka unwinding) to guess a closed-form expression for T'(n) in the special case
where n is a power of 2 (i.e.3k € N, n = 2*.). Then use an appropriate flavour of induction to prove your
guess is correct.

SoLuTION: It may be clearest to express n as an integer power of 2, that is 7 = 2%. Then I have:
T(2F) = oT([28 1)) +2T([2% 1) + 2% =4T(2% 1) + 2* #floor, ceiling of an integer are the same
= 4(4T(2F2) 42k 1) 2k = 4272k 2) 2 x 2F 4 oF
= 420472 3) + 257 2) 1 3 x 2k = 43T(2%* %) 4 x 2F 1 2 x 2F 1 2F

i—1 -1
= &TERF )+ Y Wk =4 ) 428 27 =4 T(2R ) 282 - 1)

= 4kpFR) L okF 1) =4 14 n(n—1)
= 2%en 2 _p=2n%_—n.

PROOF SOLUTION: Define P(n): “If n is a power of 2, then T'(n) = 2n2 — n.” I prove Vn € N, P(n) by
complete induction.

INDucTION STEP: Assume 7 € N and that P(z) is true for all natural numbers ¢ < n. Consider two cases:

CASE n < 2 (BASE CASE): [ only need verify P(0), which holds vacuously since 0 is not a power of
2, and P(1) which claims that

1=T(1)=2x12-1=1

Which is certainly true. So the claim holds in this case.

CASE n > 2: If n is not a power of 2, then P(n) is vacuously true. Otherwise n > 2, so n = 2, for
some k > 1, and n/2 = 2¥~1 € N, so by assumption I know P(n/2). This means

T(n) = 2T(n/2)+2T(n/2)+n=4T(n/2)+n
= 4 [2(n/2)2 — n/z} +n # by Induction Hypothesis on n/2
= 8(n?/4) —2n4+n=2n>—n

Thus the claim holds in both cases, so if n € N and P(z) is true for all natural numbers 7 < n, then
P(n) follows.

I conclude, by the principle of complete induction, Vn € N, P(n).
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QUESTION 2. [8 MARKS]

Assume that G(m) = 2m? — m whenever m is a power of 2 (i.e. 3k € N,m = 2F), and that G is
non-decreasing on positive integers. Prove:

Je1,co €ERT,ABEN, VR € N,n > B = ¢1n? < G(n) < con?

SOLUTION: Let ¢; =7,¢c0 =77, and B =777. I will fill in values for ¢;, ¢, and B in the course of the proof,
and it will be clear that c1,co € R™ and B € N.

Assume n € NT, and define 7 = 2/187], the next power of 2 greater than, or equal to, n. Notice the

following:
n/2 =2M8r"1 < n <= 2llen]

For both 7 and /2 to be powers of 2, I must have n > 2, so B > 2. Then,
G(n) < G(n) # Since G is non-decreasing and n < 7
2A2 — i < 272 # since 7 is a power of 2
2(2n)? = 8n?  # since2n > A >0
can’? #ifco =8

I

So, if I choose ¢ = 8 and B > 2, then
V¥n € N,n > B = G(n) < cyn?
Also,

G(n) > G(n/2) # since G is non-decreasing

~ 0 .
A2 — R .
= 2(R/2)*-n/2= 5 # since 7/2 is a power of 2
522
A2 _n
> ZZZ #sincen >n>B>2
2

= cn #ifcy =1/4
So, if I choose ¢; = 1/4 and B > 2, then
Vn € N,n > B = G(n) > cin?

So, I have shown that 3c; = 1/4,cc =8 € Rt,and B=2¢ N,Vn € N,n > B = ¢;n? < G(n) < can?.

# 1 / 8
# 2: / 8
TOTAL: /16
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