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QUESTION 1. [5 MARKS]

Use Mathematical Induction to prove that for every natural number n, 13" — 1 is a multiple of 12.

ProoF: For convenience I define P(n) : “Jz € Z,13™ — 1 = 122” I use Mathematical Induction to prove
vn € N, P(n).

BASE CASE, N=0: If n =0then 13" —1 =13~ 1=0and 0 = 12 x 0,0 € Z, so P(0) is verified.

INDUCTION STEP: Assume n € N and P(n). Then

1377 -1 = 13(13" — 1)+ 12  # rewrite
= 13(12z2) + 12, some z € Z # by P(n)
= 12(13z+1)=122',2/€Z  #13,2,1€ Z
# and Z is closed under +, x

Since I assume n was an arbitrary natural number and P(n), and from that derived P(n + 1), then
Vn €N, P(n) = P(n+1).

I conclude, by mathematical induction, Vn € N, P(n).
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QUESTION 2. [5 MARKS]

Recall the definition of a binary tree (a tree where each node has, at most, two children). Define the height
of a binary tree as the number of nodes in the longest path from root to a leaf — so a tree consisting
of a single node has height 1. Use Complete Induction to prove that for every natural number n, any
non-empty binary tree of height n has, at most, 2"~! leaves (leaves are nodes with zero children).

SoruTiON: For convenience, I define the predicate P(n) : “Any non-empty binary tree of height n has, at
most 2™ ! leaves.” I use complete induction to prove Vn € N, P(n).

INDUCTION STEP: Assume n € N, and that P(z) is true for all 0 < i < n.

Casg n < 1: The only non-empty binary tree with height no greater than 1 consists of a childless
root, and has height 1. Since the root is also the sole leaf, this tree has no more than 2!~ =1
leaf, so P(1) is verified (and P(0) is vacuously verified, since there are no non-empty binary
trees of height 0).

CASE n > 1: A tree with height 2 or more has either 1 or two non-empty sub-trees, and these
contribute all t he leaves. I consider the cases separately.

SUB-CASE A, EXACTLY ONE NON-EMPTY SUB-TREE: In this case, the single sub-tree has height
n — 1 (the longest path, minus the root node), and by the IH it has no more than 27 1!
leaves, which (in turn) is no more than 2"~! leaves.

SUB-CASE B, EXACTLY TWO NON-EMPTY SUB-TREES: Call the height of the left sub-tree nr,
and that of the right sub-tree ng. Since they are non-empty, 1 < nr,ng, and since the
longest path in each sub-tree is shorter (by one) than the corresponding path that includes
the root of the original tree, they have ny,ng < n — 1. This means that the the IH applies,
and the total number of leaves contributed by the two sub-trees is

2?7.[,71 + 2TLR71 < 2?17171 + 2?17171 — 2?171

So Vn € N, if P(z) for 0 <1 < n, then P(n).
Then, by complete induction, I conclude Vn € N, P(n).

(Another approach would be to strengthen the claim so that it applied to all binary trees
(not just non-empty ones), and the claim about non-empty binary trees would follow as a
consequence).
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QUESTION 3. [5 MARKS]

Define £ as the SMALLEST set such that

1. Symbols z, y, and z are elements of £.

2. If expressions e; and e; are elements of £, then so is (e; + e2).

For e € £ define vr(e) as the number of occurrences of symbols from the set {z,y, 2} in e, and p(e) as
the number of occurrences of parentheses from the set {(,)} in e. For example, vr(((z + y) + 2)) = 3 and
p(((z + y) + 2)) = 4. Use Structural Induction to prove that for every e € &, 2vr(e) = p(e) + 2.

SoLuTION: for convenience, I define the predicate P(e) : “2vr(e) = p(e) + 2" I use structural induction to
prove Ve € £, P(e).

Basis, e € {z,y, z}: Each of these expressions has exactly one variable and 0 parentheses, and 2x1 = 0+2,
so P(e) is verified for e in the basis.

INDUCTION STEP: Assume ej,es € £ and P(ey), P(ez). Then

2vr((e; +e2)) = 2(vr(er)+ vr(ez)) # no variables added
= 2vr(e;) + 2vr(ez)
= pr(er) + 2+ pr(es) + 2 = [pr(es) + pr(es) + 2 +2  # by IH
= pr((ex +e2)) +2 # 2 parentheses needed to wrap (e; + ez)

So, Ve1,ex € €, P(e1) A P(es) = P((e1 + e2)).

By the principle of structural induction, I conclude Ve € &, P(e).
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