CSC165H1 TUTORIAL # 8 — SAMPLE SOLUTIONS Winter 2013

1. Write a detailed, structured proof that
VF:N—=R"Vg:N—= R, geQ(f) = g% € Qf?)
(where f2 and g2 are defined in the obvious way: Vn € N, f2(n) = f(n) - f(n), and similarly for g).

(I show only the finished proof here, not its development.)
Assume f:N — RT and g: N — R™.
Assume g € Q(f).
Then Jcg € RT,3By € N,Vn € N,n > By = g(n) > ¢o - f(n).  # definition of Q
# Show that g% € Q(f?):
Let c; = c3. Thenc; € Rt.  # because ¢y € R
Let By = By. Then By € N.  # because By € N
Assume n € N and n > B; = By.
Then g(n) > ¢co - f(n) (because n > By),
so g?(n) = g(n) - g(n) > (co - f(n)) - (co- f(n)) =c§ - f(n) f(n) =c1- f?(n).
Hence, Vn € N,n > By = g%(n) > c1 - f?(n).
Then 3c € R, 3B € N,Vn € N,n > B = g%(n) > c- f3(n).
Thus, g2 € Q(f?).  # by definition of Q
Therefore, g € Q(f) = g° € Q(f?).
Then, Vf:N — Rt,Vg: N — RT, g € Q(f) = ¢% € Q(f?).
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2. Prove or disprove the following statement:
VFi:N—=R"Vg: N>R, feO(g)= (f+9) € ©9)
(where (f + g) is defined in the obvious way: Vn € N, (f + g)(n) = f(n) + g(n)).

(I show only the finished proof here, not its development.)
Assume f:N — RT and g: N — R™.
Assume f € O(g).
Then Jcg € RT,3By € N,Vn € N,n > By = f(n) < co-g(n). # definition of O
# Show that (f + g) € ©(g):
Letcy =landcy=cog+ 1. Thenci € RT and ¢ € RT.  # because cg € RT
Let By = By. Then By € N.  # because By € N
Assume n € N and n > Bj.
Then c1g(n) = g(n) < f(n) +g(n) = (f + g)(n).  # because f(n) > 0
Also, (f + g)(n) = f(n) + g(n) < cog(n) + g(n) = c2g(n).  # because n > By = By
Hence, Vn € N,n > B = c1g(n) < (f +9)(n) < cag(n).
Then J¢; € RT,Je2 € RT,3B; € N,Vn € N,n > By = c19(n) < (f + 9)(n) < cag(n).
So (f+g) € ©(g). # by definition
Then f € O(g) = (f +9) € ©(g).
Then Vf: N — RT,Vg:N— R, f € O(g) = (f + g) € ©(9).
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