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Here are some mathematical concepts, and notation, that I’ll assume you are comfortable with during
the course. I won't necessarily be teaching this material, so the onus is on you to make sure you really are
comfortable with this material, and if not to ask about it.

You may also want to refer to these as justification for conclusions you derive in proofs you write up for
this course.

SET THEORY AND NOTATION

Z: The integers, or whole numbers, {...,—-2,-1,0,1,2,...}.

N: the natural numbers or non-negative integers {0,1,2,...}. Notice that the convention in Computer
Science is to include 0 in the natural numbers, unlike in some other disciplines.

Z*: The positive integers {1,2,3,...}.
Z~: The negative integers {—1,—2,-3,...}.

Q: The rational numbers (ratios of integers), comprised of {0}, Q" (positive rationals), and Q™ (the negative
rationals).

R: The real numbers, comprised of {0}, RT (positive reals), and R~ (negative reals).

z € A: “zis an element of A,” or “z isin A.”

A C B: “Ais asubset of B.” Every element of A is also an element of B.

A= B: “Aequals B.” A and B contain exactly the same elements, in other words A C B and B C A.
AU B: “Aunion B.” The set of elements that are in either A, or B, or both.

AN B: “A intersection B.” The set of elements that are in both A and B.

A\ B OR A— B: “A minus B.” The set of elements that are in A but not in B (the set difference).
|A|: “cardinality of A.” The number of elements in A.

0 or {}: “The empty set.” Convince yourself that for any set A, § C A.

P(A): “The power set of A.” The set of all subsets of A. For example, suppose A = {73,0}, the P(4) =
{0,{73},{c},{73,0}}.

{z|P(z)}: “The set of all z for which P(z) is true.” For example, {z € Z|cos(mz) >0} ={...,—4,-2,0,2,4,...
(even integers).



NUMBER THEORY
If m and n are natural numbers, n # 0, then there is exactly one pair of natural numbers (g, r) such that:
m=gqn+r, n>r2>0.

We say that g is the QUOTIENT of m divided by n, and r is the REMAINDER. We also say that m mod n = r.

In the special case where the remainder r is zero (so m = gn) we say that n DIVIDES m, written n | m.
We say that n is a DIVISOR of m (e.g. 4 is a divisor of 12). Convince yourself that any natural number is a
divisor of 0, and that 1 is a divisor of any natural number.

A natural number, p, is prime if it has exactly two positive divisors. Thus 2,3,5,7,11 are all prime but
1 isn’t (too few positive divisors) and 9 isn’t (too many positive divisors). There are infinitely many primes,
and any integer greater than 1 can be expressed (in exactly one way) as a product of primes (if we allow
unary products such as 2 = 2).

FuNncTIONS

We’ll use the standard notation f : A — B to say that f is a function from set A to B. In other words, for
every ¢ € A there is an associated f(z) € B. Here are some common number-theoretic functions along with
their properties. We’ll use the convention that variables z,y € R whereas k,m,n € Z*.

min{z,y}: “minimum of z or y.” The smallest of z or y. Properties: min{z,y} < z and min{z,y} < y.

max{z,y}: “maximum of z or y.” The largest of z or y. Properties: z < max{z,y} and y < max{z,y}.

L z, ifz>0
|z|: “absolute value of z,” which is ]
—z, ifz<O0
Notice that the same notation is used for the cardinality of a set, so you have to pay attention to the

context.
gcd(m,n): “greatest common divisor of m and n.” The largest positive integer that divides both m and n.

LcM(m,n): “least common multiple of m and n.” The smallest positive integer that is a multiple of m and
n. Property: ged(m,n) X lem(m,n) = mn.

|z|: The largest integer that is not larger than z,

VeeRy=|z]oyveZry<zANzeZ,z<z=>2<y)

[z]: The smallest integer that is not smaller than z,

VzeRy=[z|oy€EZAy>zANz2€L,z>2=>22>Yy)



INEQUALITIES

The following properties hold:
IF m,n € Z: then m < n if and only if m + 1 < n, and m > n if and only if m > n + 1.
IF z,y,z,w € R:

e Thenifze<yandw <z, thenz+w<y+2z.
zz <yz,if 2z >0
e Thenif z <y, then < zz = y2,if z =10
zz >yz,if 2 <0
e Thenifz <yand y <z (or z <y and y < z), then z < z.

e |z +y| <|z|+ |y|. This is an instance of the TRIANGLE INEQUALITY.

EXPONENTS AND LOGARITHMS

FOR ANY a,b,c € R": a = log, c if and only if b* = c.
FOR ANY z € R™: Inz = log, z, and logz = log, z (In Computer Science, base 2 outranks base 10).

For any a,b,c € RT and n € ZT, the following hold:

Vb =pt/m blogra = g = log, b®

bobc = bote log,(ac) = log, a + log, ¢
(b*)¢ = boe log,(a¢) = clog, a

b /b = b€ log,(a/c) = log, a — logy, ¢
W =1 log,1 =0

ab® = (ab)°



