
CSC165H1 Tutorial #5|Sample Solutions Fall 2014

1. Write the complete proof of each of the following statements. Note that, for the �rst two statements, we

have already written down the proof structures in previous tutorial.

(a) 8x 2 Z; 8y 2 Z; x 6 y ) 9z 2 Z; x 6 z 6 y

Assume x 2 Z and y 2 Z.

Assume x 6 y.

Let z0 = y.

Then, z0 2 Z. # because y 2 Z

Then, x 6 z0 and z0 6 y. # because x 6 y

Then, 9z 2 Z; x 6 z 6 y.

Then, x 6 y ) 9z 2 Z; x 6 z 6 y.

Then, 8x 2 Z;8y 2 Z; x 6 y ) 9z 2 Z; x 6 z 6 y.

(b) 8x 2 Z; (9y 2 Z; x = 3y + 1)) (9y 2 Z; x2 = 3y + 1)

Assume x 2 Z.

Assume 9y 2 Z; x = 3y + 1.

Let y0 be such that x = 3y0 + 1. # by assumption

Let y0 = 3y2
0
+ 2y0.

Then, y0 2 Z.

Then, x2 = (3y0+1)
2 = (3y0)

2+2(1)(3y0)+1
2 = 9y2

0
+6y0+1 = 3(3y2

0
+2y0)+1 = 3y0+1.

Then, 9y 2 Z; x2 = 3y + 1.

Then, (9y 2 Z; x = 3y + 1)) (9y 2 Z; x2 = 3y + 1).

Then, 8x 2 Z; (9y 2 Z; x = 3y + 1)) (9y 2 Z; x2 = 3y + 1).

(c) :(8x 2 N;9y 2 N; y > x ^ ay > ax)| for the sequence A = 2; 4; 6; 8; 9; 7; 5; 3; 1; 0; 0; 0; 0; 0; : : :

This statement is equivalent to:

9x 2 N; 8y 2 N; y > x) ay 6 ax

Let x0 = 8.

Then, x0 2 N.

Assume y 2 N.

Assume y > x0 = 8.

Then, ay = 0. # because a9 = a10 = a11 = � � � = 0

Then, ay 6 1 = a8 = ax0 .

Then, y > x0 ) ay 6 ax0 .

Then, 8y 2 N; y > x0 ) ay 6 ax0 .

Then, 9x 2 N; 8y 2 N; y > x) ay 6 ax.
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